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Problem 1

a) Consider the following system of differential equations:

)-0G2)0G)

(a) Find the solution for this system in terms of real functions.

(b) Sketch the phase portrait for this system in the phase plane. Describe the
asymptotic behavior explaining your reasoning.

(¢) Find v and w such that the equation
% + 7% +wlr =0
has the same dynamics as the system (1).

(d) Consider now the system:

-0 0

Using a graph of 7 and Delta plane, find the value of € € R at which the system
undergoes a bifurcation (where the system changes stability).

(e) Finally consider the non-homogenous system:

i(0)-(2)6)(0)

Find the general solution and particularize it when x(0) = 1 and y(0) = 0.

Solution.

a) (a) We set

Then, we try to find the eigenvalues of A.

det(A — AI) =0
AN +20+3=0
A+1)2=-2
A = —1+iV2

Ay = —1—iV2

Then, we find the eigenvectors of A.For \; = —1+ iv/2, we have

2—iv2 =2 7| _y
3 —2—iV/2 y N
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We solve this system to get
=2
y=2—1iV2
Therefore, the eigenvector is
R 2
v =
Pol2—iv2

For \y = —1— i\@, we have

2+4+ivV2 =2 x
‘ =0
3 —2+iv2| |y
We solve this system to get
=2
y=2+iV2
Therefore, the eigenvector is
. 2
Vo =
2T 24i0v2

So, we have the general solution of the system

Tl t(=1+iv2) 2 t(—1—iv/2) 2
=cq € + cye
M ! 22| 2 +iy/2

L - V32t 2 2
y| A\ 2—iv2 2+iv/2

We use the Eurler’s formula to get

lx] =e ((01 + ¢3)
Y

We define A; = ¢; + ¢ and Ay = i(c; — ¢y) as new real constants of integration, we

—iV2t
+ cqe

2 cos(v/2t)
2 cos(V/2t) 4 v/2sin(v/2t)

| 2sin(v/2t)
+ileg —¢y) 2sin(v/2t) — v/2 cos(v/2t)

can write the general solution as

{.I . 2 cos(v/2t) 2sin(v/2t) 1
=Ae
Y

2 cos(v/2t) + \/isin(\/ﬁt)l + Age™ [2 sin(v/2t) — v/2 cos(v/2t)
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(b) This is the phase portrait of this system that I drew using Python.

Phase Portrait
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This is the phase portrait of this system that I drew by hand.
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The asymptotic behavior of the solution is that the solution will converge to the point
T 0

(0,0). which, asymptotically as ¢ — oo, { 1 — lO] . Since the eigenvalues are
Y

complex with the real part being negative, the solution will converge to the origin as
t become larger. Besides, by the phase portrait that we drew, this is an inward spiral

and the fixed point is asymptomatically stable.

A=)

by the definition of the trace and the determinant of A, we have

(c) Since

T=trace(A)=1—(-3)=2 A=Det(A)=-3+6=3

For equation

d2x+ dz+ 9 0

— — fwr =

a2 "t

We set u = ‘fi—f, then we get
d*x dx 9 du 9
ﬁ+va+w x:0©a+7u+w z=0

Then we get the system of first order differential equations,
dz _
G=u
% = —yu — w3z

which is equivalent to the system of first order differential equations

-1 )

0 1
The trace and the determinant of the matrix { ) 1 are
—w? —

T=—y A=u?

We require that the equation must have the same dynmaics as the system (1), so we
have
y=-2 w?=3

which means that
y=-2 w=+V3

then, the two equations have the same dynamics.

(d) For the system, we have
T=—24+¢ A=3+¢
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so 7 and A both depend on the tuneble parameter €. then, we have

A=7+5

S Stale

This is the 7 and A plane. There are 9 different qualitative behavior, as we vary e.
At 7 = 0, we have a bifurcation as we go from region 5 that is assmptotically stable

to the point 6 that is Lyapanov stable and region 7 that is unstable.

T=—2+e=0
€=2

Therefore, when € = 2, the system undergoes a bifurcation.

From (a), we know that the general solution to the corresponding homogenous system

is

2 2 cos(v/2t) At 2sin(v/2t)
y| ! 2 cos(v/2t) 4+ V/2sin(v/2t) 2 2sin(v/2t) — V2 cos(V/2t)

Then, we try to find a particular integral solution to the corresponding non-homogenous
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system. We try to use the ansatz with the form

Ae?
Be™t

with A and B are constants to be determined. Then, we get
1 =2 et
3 —3 1o

—Aet—Ae " +2Bet =¢t
—Bet—34e " +3Bet =0

¥

Then, the particular integral solution is

a
dt

Ae?
Be™?

Ae?
Be™t

which is equivalent to

4

jw =

Hence, the general solution is

) I 2 cos(v/2t) . 2sin(v/2t) et
L/} = e [2 cos(v/2t) + \/Qsin(\/it)l oo [2 sin(v/2t) — \/ﬁcos(\/it)l + Eetl

1
3
2

Since, £(0) = 1 and y(0) = 0, we have

1
=Aje!

which is equivalent to

+

0
+ Aje !
2 l_ﬂ

24,6t +1=1
24171 — V2471 + 3 =0

4

A2:¥e

Therefore, the particular solution with z(0) =1 and y(0) = 0 is

z _ﬁ 2sin(v/2t) N ot
y| 4 |2sin(vV2t) — V2 cos(V2t) —t

3
5e



