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1 Preliminaries
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1.2

Notations
Du = (g, Ugy Usgg, -+ Uy, ) is the gradient of u.
A = Laplacian operator Au = Y"1 | Uy,q,.
CH(U) ={u:U — R | u is k-times continuously differentiable}.

B(x,r) = closed ball with center x and radius r.

OU = boundary of U, U = U U OU = closure of U.

a(n) = volume of unit ball B(0,1) in R = F(li%ﬂ)
2

na(n) = surface area of unit sphere 0B(0,1) in R™, where I' is the Gamma
function: T'(n) = [;°t"~te~'dt.

Averages:

1
f fly = —2 / fdy
B(x,r) Oé(’ll)?" B(x,r)

= avarage of f over the ball B(x,r)
1

dB(x,r) na(n)r dB(x,r)
= average of f over the sphere 0B(x,T)

If OU € C', then along OU is defined as the outward pointing unit normal
vector field:

V:(VDVQ;'“ 7Vn)

The unit normal at any point z° € OU is v(2°) = v = (v1,v9, -+ ,1p).

Let u € C1(U). Then the (outward) normal derivative of u along U is
defined as:

n

ou

— :=v-Du= Villy,

61/ 1T,
i=1

Gauss-Green’s Theorem

Suppose u € C1(U) and U C R" is a bounded domain with smooth boundary
OU. Then

/uwidxz/ uv'dS
U U



1.3 Green’s Formula

Let u,v € C?(U) and U C R" be a bounded domain with smooth boundary
OU. Then

() fy Audz = [5; G1dS.
(ii) [y Dv- Dudz = [y, u3bdS — [, uAvdz,

(ifi) [, uAv —vAudr = [, uds —ve.

1.4 Theorem: Polar Coordinates

(i) Let f:R™ — R be continous and summable. Then

Lo [ ()

for each point xy € R™.

4 / fax | = / 1ds
dr B(xo,r) OB(x0,r)

(ii) In particular,

for each » > 0.

1.5 Transport equation: initial value problem

Consider the following initial value problem:

u+b-Du=0 in R" x (0, 00),
u=g onR"x{t=0}.

The solution is
u(x,t) =gz —bt) (xe€R",t>0) (1)

1.6 Transport equation: nonhomogeneous problem
Consider the following nonhomogeneous problem:

us +b-Du= f(x,t) inR" x (0,00),
u=g onR"x {t=0}.

The solution is

u(x,t) = g(x — tb) + /01 f(x+(s—t)b,s)ds (x €R",¢t>0) (3)



2 Solution by spherical means

We consider the initial-value problem for the wave equation in n dimensions,

{utt —cAAu=0 inR" x (0,00), (@)

u=g,uy=h onR"x{t=0}.

2.1 Solution for n =1, d’Alembert’s formula

For the one dimensional wave equation in all of R:

()

Ut — Uz =0 in R x (0, 00),
u=g,uy=h onRx {t=0}

where g, h are given functions. We desire to derive a formula for u in terms of
g, h. we desire to derive a formula for v in terms of g, h. We use the method of
spherical means. We notice that (5) could be "factored” as:

0 0 0 0

We could write

Then, we have

Ut = Ut — Ugt

Vg = Uty — Ugx
We could sum them to get
ve(x,t) +vp(z,t) =0 (z€R,t>0) (8)

Whereas, (8) is a transport equation with constant coefficients b =1 and n = 1.
We apply (1) and get
v(z,t) =alx —1) 9)

with a(x) := v(z,0) = us(x,0) — uy(z,0). Combining now (7) and (9), we get
ug(x,t) —ugp(z,t) = a(zr —t) in R x (0,00) (10)

We notice that (10) is a nonhomogeneous transport equation, so (3) with n =
1,b=—1, f(z,t) = a(z — t) implies

1

t x+t
u(z,t) =b(z+1t)+ /0 a(z+ (t—s)—s)ds = 5 /71: a(y)dy + b(x +t) (11)



where b(z) := u(x,0). Lastly, we invoke the initial conditions in (5) to compute
a and b. For the first intial condition, We set ¢ = 0 in (11), then we get

u(,0) = b(x) = g(x) (z € R) (12
For the second initial condition, we differentiate (11) with respect to ¢
e (2,1) = %[a(z ) 4am—t)] 4V (@ +t) (weRt>0)
Then, let t =0
ug(z,0) = %[a(x)—i—a(x)}—i—b’(x) = a(z)+b (z) = h(z) = a(x) = h(z)-b'(z) (v €R)
By (12),

a(z) = h(z) - ¢'(z) (z€R)
We subtitude this into (11)
1 x4+t
wet) =3 [ ) ~g @y +oe+) @eRt>0)

Then using the fundamental theorem of calculus, we get

x+t
wet) =5 [yt gl +gla 0] @eRtz0) (1)

This is d’Alembert’s formula for the one dimensional wave equation. We could
assume w is sufficiently smooth and check that this is really a solution of (5).

Theorem 2.1. (Solution of wave equation, n = 1) Assume g € C*(R),h €
CY(R) and define u by d’Alembert’s formula (13).

x4+t
wat) =3 [ hwdy+ 3l )+ gl 0] R0

Then,
(i) uw € C*(R x [0,00)),
(7)) u — Uze =0 in R X (0, 00),

(i0i) 1im g ¢ (20,0+) w(@, 1) = g(2°), Tm(g 1) (g0 0ty ut(x,t) = h(z) for each
point 20 € R.
Proof. We assume g € C%(R),h € C'(R) and define u by d’Alembert’s formula

(13). Then, u is clearly C? in R x (0,00). We now check that u satisfies the
wave equation. We differentiate u with respect to ¢t and =z.

ug(z,t) =5 [h(z +1) + h(z — )] + %[9’(% +1) =g (z —1)]

(@ + ) — Bz — )] + 2oz + 1) + gz — 1)

T 7t =
(1) ,

DN = N =



Then, we compute u;; and Uz, .
1 1
gt (z,t) :g[h’(m +t)—h(x—1t)]+ 5[91/(33 +t)+g"(x—t)]
1 1
Uz (T, 1) zi[h’(:z: +t)+ R (x—t)]+ 5[g”(x +t)+g"(x —t)]

Tt is clear that us —ug, = 0 in Rx (0, 00). Lastly, we check the initial conditions.
We first check that lim, ), (50 0) u(z, ) = g(2°) for each z° € R. We fix 2° € R
and let (z,t) — (2°,0). Then, 2 —t — 2° and x + ¢t — 2°. Thus, by continuity
of g,

0

. e 1 0 o .
ol o) = 3 [ By glate) +ola”)] = o(a?)

Next, we check that lim, ;) (y0,0) ue(2,t) = h(z°) for each 2° € R. We fix
2% € R and let (z,t) — (2°,0). Then, z —t — 2% and = + ¢ — 2". Thus, by
continuity of h,

t(@,t) = S[h(=) + h(=)] + %[g’(xo) —g'(2°)] = h(a")

N =

lim U
(z,t)—(z9,01)
O

Remark 2.1. (i) Observing (13), we see that the solution u has the form
u(z,t) = Flx +1t) + Gz —t)

for some function F' and G. Conversely, and function of this form solves
the wave equation uy — Uy, = 0 in Rx (0,00). Also, F(x+t) is the general
solution of uy —u, = 0 and G(x —1t) is the general solution of uy +u, = 0.
Hence, the general solution of the one-dimentional wave equation is the
sum of the general solution of uy —u, = 0 and the general solution of
us +uy = 0. This is the consequence of the factorization in (6).

(ii) We see that from 13, if g € C* and h € C*¥~1, then u € C*(R x [0,00))
but is not general smoother. Thus, the wave equation does not couse
instantaneous smoothing of the initial data.

2.1.1 A reflection method

To illustrate a further application of d’Alembert’s formula, we consider this
initial/boundary value problem for the wave equation on the half-line Ry =
(0, 00):

Utt — Ugpy = 0 in R+ X (0, OO)
u(z,0) = g(x),us(x,0) = h(z) on Ry x {t =0} (14)
u(0,t) =0 on {x =0} x (0,00)



where g, h are given with g(0) = h(0) = 0. We can solve this problem by
extending u, g, h to the whole line R by odd reflection. That is, we define

) = u(z,t) (x >0,t>0)
—u(—z,t) (x<0,t>0)
~ g(x x>0
s {90 @20
—g(=z) (z<0)
~ h >
Hoy o {10 @20
—h(=z) (2<0)
We could differentiate u with respect to x and ¢ and obtain
(z,1) Uy (z,t) (x>0,t>0)
Uz (—z,t)  (x<0,t>0)
t >0,t>0
ut(m,t) — Ut(x, ) (33_ U2 )
—u(—z,t) (z<0,t>0)
Differentiating u, with respect to z and u; with respect to ¢ gives
umxt (x >0,t>0)
um x,t) =
(x<0,t>0)
uge (2, ) (x >0,t>0)
utt T, t =
*utt (I’ S O,t Z O)
Then, by 14, we have
Ugt — Ugy = 0 in R x (0, 00)
u(x,0) = g(x),us(x,0) = h(z) on R x {t =0}

This is the wave equation on the whole line R with initial data §,l~z. By
d’Alembert’s formula, the solution is

T+t
e.t) = 5lae + 0 + 5 - 0]+ 5 [ Ry

—t
Recalling the definitions of u, 'gv,ﬁ above, since > 0, then x +¢ > 0 but it is
uncertain whether x —¢ > 0. If  —¢ > 0, then g(z —t) = g(z —t). If x — ¢ <0,

then g(z —t) = —g(t — ). Thus, the solution @ can be written as for z > 0 and
t>0:

.1y {39+ —gla =)+ 5 [ by o220
7 Hglw+t) —glt — )] + 5 /710, dy fo<z<t

Note that this solution does not belong to C2, unless g”(0) = 0.



2.2 Spherical means

When ¢ = 1, we suppose n > 2, m > 2, and u € C™(R" x [0,00)) solves this
initial evalue problem:

{utt —Au=0 in R™ x (0, 00) (16)

u(x,0) = g(x),u:(x,0) = h(x) on R"™ x {t =0}
We try to find an explicit formula of w in terms of g and h. We consider the
avarage of u over certain spheres. These avarages are called spherical means as
functions of the time ¢ and the radius r. It turns out that to solve the Euler-
Poisson-Darboux equation, which is a PDE we can for odd n to convert it into

an ordinary one-dimensional wave equation. Thus, we can apply d’Alembert’s
formula leading a formula for the solution. We introduce some notations firstly:

(i) Let x € R™,r > 0. The ball average of f at x and radius r is defined as:
U(x;r,t) ::][ u(y,t)dS(y) (17)
OB(x,r)

the average of u(y,t) over the sphere 0B(x,r).
(ii) Similarity, for intial condition g and h, we define

{G(x,r) = FopnI3)ASE)
H(X’ T) = faB(x,r)h(Y)dS(y)

Then, we have the following lemma:

Lemma 2.1. (Buler-Poisson-Darbous equation). Fiz x € R", and let u satisfy
16. Then U € C™ (R4 x [0,00)) and

{Utt — U =210, =0 in Ry x (0, 00) a8

U(r,0) = G(r),Us(r,0) = H(r) onRy x {t=0}
The partial differential equation (18) is called the Euler-Poisson-Darboux

equation. (Note that the term U,, + %UT is the ratial part of the Laplacian
A in polar coordinates.) We prove this lemma as follows:

Proof. 1. We first prove that U € C™ (R+ x [0, oo)) We fixt > 0and r > 0.
Let x € R™ and r > 0. We write U(x;r,t) as:

U(x;t,r) = ]l u(y,t)dS(y) Y = ][ u(x + rz,t)dS(z)
OB(x,r) 0B(0,1)

We differentiate this with respect to r:

z=¥ X%
T

U, :][ Du(x+rz,t)-zdS(z) ][ Du(y,t) - Y- XdS(y)
8B(0,1) dB(x,r) r



Consequently, by Green’s formula, we have:

i t) = u Y
U, (1) ][aBMD ¥.1) )

_ ][ du(y,1) 1) 15(y)
OB (x,r) ov

r

= *][ Au(y,t)dy
n B(x,r)

From this equality, we deduce that lim,_,o+ U,.(x;7,t) = 0. We then dif-
ferentiate U, with respect to r again, we use some trick to do this: By the
definition of avarage of u over the sphere, we have:

1 /
Au(y,t)dy
na(n) B(x,r)
We differentiate both sides with respect to r:

1
r UL (x ) 4+ (n— D) 20, (x; 7, t) = / Au(y,t)dS(y
eir )+ (= D 20 ) = s | Aty s

UL (x5, t) =

Then, we have the following equality:

Untsrt) = f s+ (1) [ dutyday 09
OB(x,r) n B(x,r)

Therefore, lim, o+ Upr(x;7,t) = L Au(x,t). We use (19), we could com-
pute Uy (z;7,t), etc. Therefore, we could verify that U € C™ (@Jr x [0, oo))

. By the equation in (16), we have:
T

, 11
U, = 7][ Au(y, t)dy = *][ usedy = 7ﬁ/ uredy
nJ B(x,r) nJ B(x,r) na(n) r B(x,r)

Thus, we have:
1

U, = / Ugedy
TLOL(TL) B(x,r)
We differentiate both sides with respect to r:

1
— updS
TlOé( )/83(){ T) " (y)

" 1][ uttdS ) = Tn_lUtt
OB (x,r)

(n _ 1)rn—2UT + Tn_lUr'r' _

Then, we could substitute this into (16), we have:

n—1

—1
Uy = U, + HTUT = Uy —U,, — U, =0 (20)



2.3 Solution for n = 3,2, Kirchhoff’s and Poisson’s formu-
las

2.3.1 Solution for n =3

We now consider the case n = 3. Therefore, the equation (16) becomes:

{utt—Au:O inR3x(O,oo) (21)

u=g,ut=h on R™ x {t =0}

The plan is to transfer the Euler-Poisson-Darbous equation into the usual one-
dimensional wave equation. We first consider the case n = 3. We suppose that
u € C?(R3 x [0,00)) is a solution of the initial value problem (16). We set:

U:=rU G:=rG and H:=rH (22)
We now verify that U solves the following initial value problem:
Uy —U,. =0 in R? x (0, 00)

=G, U, =H on Ry x {t =0} (23)
0 on {r =0} x (0,00)

Indeed, we have
Utt =rUy
=r[Up + %UT] by (20), with n =3
=2U,r +2U,
=U+rU),
=U, by (22)

It is easy to verify that G,,(0) = 0. Therefore, we could apply (15) to (23), for
0 <r <t, we have:

U(x;r,t) = [é(t )+ Gt — r)} + /t tjr H(y)dy (24)

1
2
By the definition of the average ball and surface, we have:

u(x,t) = lim U(x;r,t).

r—0+t

10



Therefore, we could conclude that from (22) and (24):

u(x,t) = lim Ulxir t)r
r— T
— lim U(x;r,t)r
r—0+ T
= lim [G(t +r)+ Gt — m} Ay
i |GEFN) =Gl L mﬁl( dy)
oot 2r 2r Ji_, vy

Now
Gx:r) = rGlx;r) = ][ 9(y)ds(y)
OB (x,r)
implies,
émwzmmw=¢ o(y)ds(y)
OB(x,t)
Similarly,

H(x;t) = rH(x; 1) = t][ oo M)

Therefore, the solution of wave eqaution in R? is given by:

B)
u(x,t) = pn (t][ aB(x’t)g(y)dS(Y)> +tf aB(x’t)h(y)dS(y) (25)

If g is smooth, then the solution could simplifed further. In particular, for g is
enough, we have:

B B,
pn (t][BB(x,t)g(y)dS(y)> =5 (t][aB(o,l)g(xﬂLtZ)dS(Z))

= ][ g(x +tz)dS(z) + t][ Dyg(x + tz) - zdS(z)
9B(0,1) 0B(0,1)

o st eef Do) (2 ast)

—[  ge)aSe)f  Dely)- (- 0dS()
OB (x,t) OB(x,t)

Hxit) = tH(xit) = tf e M)

11



Therefore, substitute these into (25), we have:
wet)=f )+ gly) + Do) (v M) (29
B(x,t

Further, we note that in R3,

1

U(X7 t) = m

][ [th(y) + ta(y) + tDg(y) - (y — x)]dS(y)  (27)
OB(x,t)

This is know as the Kirchhoff’s formula for the solution for the initial value
problem of the wave equation in R3.

Remark 2.2. Above we found the solution for the wave equation in R3 in the
case where ¢ = 1. In fact, when c # 1, we could use the change of variable to
apply the formula above. In particular, consider the initial value problem:

g — 2Au =0, inR3 x (0,00)
u(x,0) = g(x), i R? (28)
ug(x,0) = h(x), inR3

We suppose that v is a solution of (28). Then, we define u(x,t) = v(x, 1t).
Then,

1
Utt—A’U/:gvtt—A’U:O

It implies that u is a solution of

uy —Au=0 z€R3x (0,00)
u(x,0) = g(x)
u(x,0) = 1h(x)

Therefore, u is given by the Kirchhoff’s formula. Now, by making the change of
variables ot = %t, we see that

1

o) =) = o] thiy) +ov) + Doly) -y —x)dS)

2.3.2 Solution for n = 2

There is no transformation like (22) working to convert the Euler-Poisson-
Darboux equation into one-demensional wave equation when n = 2. Instead,
we take the initial value problem for n = 2:

Ut — Au = 0, in R2 X (O, OO)
U(X, 0) = g(X), in R? (29)
uy(x,0) = h(x), in R?

12



and simply regard it as a problem for n = 3, in which the third spartial variable
is set to be zero. Suppose u € C%(R? x [0, 00) is a solution of (29). We define

E(.’El,xg,l‘:;,t) = u($1,$27t) (30)

Then, (16) implies that @ is a solution of

(31)

Ut — Au = 07 in RS X (0,00)
U=g,u; =h, onR3x{t=0},

for 7

§($17x27x3) = g(‘r17x2)7 h(x17x27x3) = h,(x17l'2)

If we write x = (21, 22) € R? and X = (21, 22,0) € R3, then (31) and Kirchoff’s
formula (25) imply that

u(x,t) =u(X,t) = % (t][ 7 gdS) +t][ _ hdS (32)
OB(X,t) OB(X,t)

where B(X,t) is the ball in R3 centered at X with radius ¢ > 0, and dS denotes
two-dimensional surface measure on 9B(X,t). We can rewrite (32) by observing
that

_ 1 2
gdS = — 9(¥)dS(y) = = 9(y) (L + |Dy(y)[*)"/2dy

][ oB(%.t) Amt? JoB(z.0) 4mt? J pix,t)
where v(y) = (2 — |y —x[2)2 for y € B(x,t). There is a “2” in the denominator
since OB(X,t) is the union of two hemispheres. Since v(y) = (£2 — |y — x|?)2
for y € B(x,t), we have
y — X
Dyy)=—— Y%

T
which impies that
t
141D izt
1+ [Dy(y)I") @y =)

We substitute this into the above equation and obtain

N

= 1 y
][ _ gdS= 57 %dy
IB(x,1) T JB(xt) (2 — |y —x[?)

_a(2)? ][ 9(y) dy
27t ) B (12 — |y — x[?)?

'
_ 7][ 9(y) _dy
2) Bxt) (12— ly —x[?)2

13



Similarly,

Consequently, (32) becomes

1 2
u(x, 1) = 10 tz][ 9(y) iy | + L][ h(y) iy
20t Bt (82 — |y —x[?)2 2J By (12— ly —x[?)2

=X Zz t
t2][ 9(y) gy YR t][ g(x+ Z)1 Iz
B(x.t) (12 — |y — x[?)? B(o,1) (1 —|z[?)>

9 (s 9y
ot (t ][B(x,t) (1?2 =y — X2)é>

O (if s,
ot \ J By (1 —|z]?)>

:][ g(x+tz)1 Ia th][ Dg(x+tz)1. z,
B (1 —z[?)2 By (1-z[%)>

:][ 9(y) dzH}[ Dy(y) - (y =%) .
B (12— [y — x[?)2 B (2 — |y — x[2)%

Therefore, we could rewrite the solution as

SO

1 tg(y) + t2h(y) + tDg(y) - (y — %)
w(x, ) = ][ s dy (33)

: (7~ Iy —x[2)%

for x € R%,¢ > 0. This is the Poisson formula for the solution of the inital value
problem (16) in two dimensions. Again, by making a change of variables, we
could see that the solution of the wave equaiton in two dimensions is given by

1 ][ ctg(y) + ct*h(y) + ctDg(y) - (y — x) iy
2¢2) px.t) (22 — |y —x[?)3

u(x,t) =

This trick of solving the problem for n = 3 first and then dropping to n = 2 is
called method of descent. It is generally used to find the solution of the wave
equation in even dimensions, using the solution of the wave equation in the next
higher odd dimensions.

14



2.3.3 Solution for odd n
Assume now
n is an odd integer, n > 3.
We first record some identities that will be useful in the following discussion.

Lemma 2.2. Let ¢ : R = R € CF+1. Then, fork=1,2,---:
) 2 k— _ k
i) () G4 0% 10) = (4) (20,

(i) (%di) (r%*lqﬁ(r)) = Z;:é B;?rj“%, where the constant ﬁ]’?(j =
0,1,...,k —1) are independent of ¢.
(iii) BE =1-3-5-..... (2k —1).
Proof. We prove these by induction:
(i) For k =1, we have

_ do 2 d*¢
o ( rdr( )t dr(r)>
1 d [ 5d¢
rdr <T dr( )>
Now, assume that the result holds for k£ — 1,

LD ey = (ALY ()

then for k, we have

R (1 IV (or -1ty £ 122 )

rdr rdr

s (42)' (+20) - ()" (ot 2520

15



(i)

By the induction hypothesis, the first term of RHS could be merged with
the first term of LHS. Therefore, we have

LHS — RHS
i () (o) -(a) (o)
“a () (ro-o0))- () (i)

Use the induction hypothesis again with (r%(r) — ¢) to replace ¢, we

have

£ (1) (o (e -e0)= ()" (oL (2o

Therefore,
7 (L (20— o)) - B0

N )

LHS — RHS =

Sl= 3=

<
5

For k =1, we have

ré(r) = Boro(r)
By (iii), we have 83 = 1. Now, assume that the result holds for k — 1,

k-2

1d - o dig
(w) (*20) =37 NS

Jj=0

then for k, we have
1d . (1d . radd
vs = dr) #00r) = (3 d) (k- 1ty 4112 )

k—1 ; k—2
L d L d (Z) LdF 1o
k, j+1 k j+1
RHS—_jEOBer — —_;Oﬂjﬂ -|-6k o

drk-1

By the induction hypothesis, the first term of RHS could be merged with
the first term of LHS. Therefore, we have

dk_1¢

drk-1

1d 2k—2d£ koo k
LHS — RHS = (TdT> dr(r) Br_1r
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(iii) If we set ¢(r) = 1 and apply (ii), then we have the value of 35 for all k.
O

Now we set
n=2k+1 (k>1).
If we suppose u € C*+1(R™ x [0, 00)) solves the intial value problem (16). Then

the function U defined by 17 is in C¥T1(R™ x [0, 00)). Next, we introduce the
new notations:

U(rt) == (L2)" 7 (31U (x; 7, 1))
G(r,t) := (%%)k_l (r?k=1G(x; 1, 1)) (r>0,t>0) (34)
Hr,t) = (L2)" (2 H (1, 1))

Then, ~ ~ 5 3
U(r,0) = G(r), Uy(r,0) = H(r) (35)
We combine Lemma 2.1 and the identities provided by Lemma 2.2 to demon-

strate the transformation (34) of U into U in effect converts the Euler-Poisson-
Darboux equation (16) into wave equation:

Lemma 2.3. ([7 solves the one-dimesional wave equation) We have:
ﬁtt — U’rr =0 1in R+ X (07 OO)
U(r,0) = G(r), U(r,0) = H(r) onR,; x {t =0}
U=0 on{r=0}x(0,00)

Proof. If r > 0, then by ) of Lemma 2.2, we have

10

- (r 8r> (r 2kU7)
1o\ "' /10\ .

B (7’87") (r 8r) (= Ur)
10 k—1

- (6> [Pk 71U, + 2kr?R 20, ]
T ar

k—1

= <1a> [r%—l (UM + 1= 1&)} (n=2k+1)
r Or r
1o\

- <T37“> (r**=1Uy) by (18)

It is clear that the next 3 equations holds according ro 18. By (1) of Lemma
2.2, we have U = 0 on {r = 0}. Therefore, U solves the one-dimensional wave
equation. 0

17



Since U is a solution of the on-demensional wave equation on the half line,
we can apply the d’Alembert formula (15) to obtain the following representation
of U:

- 1r=
U(r,t):§ G(r+t)— tfr / H(s (36)
for all r € R,t > 0. Recall:

u(x,t) = lim U(x;r,t)

r—0

Futhermore, by (i7) in Lemma 2.2, we have

Ulr,t) = (i;)kl (r?*1U(x; 7, 1))

k—1
= Z ﬂfrﬂ+1 U(X, T, t)
§=0
k—1 o9
_ pk k.j+1 >~ .
= B5rU(x;r,t) —i—;ﬁj 577 U(x;r,t)
Therefore,
k—1 o9
k _ _ k,.j+1 > .
BarU (x;r,t) = U(r,t) ; Bjr B U(x;r,t)
which implies
k—1
R 1 kg1 0 o
U(X,T,t)—@U(T7t)_W;BJT %U(X7T7t)

Therefore, we have

1 .
u(x,t) = lim U(x;r,t) = im ——U(r, t).

r—0 r—0 ,857"

Thus, (36) implies

r—4+t N
H(s)ds}
r—t

Gr+1t) -Gt —r) 1 (™ H(s)
( 2 ) =8 rdsl
+

We recall that



Now since n = 2k + 1, it implies that k = ”7_1 Therefore, we have

n—3

Gx,t) = (1;) ("G (xr)

By the definition of G(x;r), we have

G(x,t) = (1;) (t"”][aB(xyt)g(y)dS(yo
fi(x, 1) — (12) - (t][ aB<x,t>h(”dS(”>

Therefore, we have this representation of u(x,t):

n—3
2

Similarly,

ulxt) =52 (5) ) (’5"723C83(x,t)9(y>d5(y>)
T (G5 (1 Fonpenh3)4S)) (37)
where n is odd and v, =1-3-5--- - (n—2)

for € R™, ¢t > 0. We notice that 73 = 1, so the representation of u(x,t) in (37)
agrees with n = 3 with (27). We still need to check the formula (37) really gives
us a solution of (4).

Theorem 2.2. (Solution of wave equation in odd dimensions) Assume now n
is an odd integer, n > 3, and suppose also g € C™HR" h € C™(R™), for
m = L. Define u(x,t) by (37). Then

(i) u € C%*(R™ x [0,0)),
(#) uge — Au =0 in R™ x (0,00),
(m) lim(xj)ﬁ(xoy(yr) = g(XO), lim(x’t)ﬁ(xo’(yr) = h(XO) fOT’ each poz’nt XO € R™.

Proof. 1. We suppose g =0, so

n—3

1 (1oN\= .
u(x,t) = b (t@t) (t"?H(x;t)) (38)

By (i) in Lemma 2.2, we could compute u,;t:

we==(15) T et H) (39)

We use the same trick as before,

t

st = f Ay

19



Therefore, by the definition of average ball integral, we have

1 19\ =
Uty = na(ni)'yn (t (915) <L(x7t) Ah(Y)dY>

it () (e 2005)

On the other hand,

Au(x,t) =

o~ | =

Sl
~——
=
3
b
B>
Ja
»
\.t.t

7 N\

o~ | =
SIS

Fl= 2=

N
N———
&)
| — |
~
S
5
>
%
~—
Q
5
»
=
<
QL
e}
<
N——

~+ | =
gl

N——
[V
| ——
~
3
|
~
Q
ey
»
>
=
=
SN
o
=

I
=
PR

Then, by the definition of average ball integral, we have

1 10\ 7 (1
du= o (i) (:s S Ah(y)ds(y)) o

A similar calculation can be done when h = 0.

2. If we choose the correct intial conditions g and h, then we can show that
u is a solution of (4).
O

Remark 2.3. (i) Observing the formula, we need only have information of
g,h and their derivatives on the sphere OB(x,t), not in the whole ball
B(x,t).

(i) Comparing the formula (37) with (13), we notice that d’Alembert’s formula
does not the the derivative of g. This suggests that for n > 1, a solution
of the wave equation neets not to be as smooth as the initial value g.

2.3.4 Solution for even n

Assume now

n is an even integer, n > 4,

20



Suppose u is a C™ solution of (4) in R™ x (0, 00), where m = “£2. The trick is

the similar as the case when n = 2, which is called the method of descent. We
define
(L1, Ty Tpg1, ) = w(Ty, -, Tp, t) (40)

solves the wave equation in R"*! x (0, 00), with initial conditions

h on R"" x {t =0}

ﬂ:§7ﬂt =
where
g(xlu"' 7$nvxn+1) = g(xla"' 7xn) (41)
h(l’17"' 7$n;mn+1) = h(.’l;]_,"' 7xn)

Since n + 1 is odd, we may apply (37)(with n+ 1 to replace n) to % to obtain a
representation formula for 7 in terms of g, h. To carry out the details, let us fix
x € R", t > 0, and write X = (x,0)i.e. X = (21, ,2,,0) € R*"1. Then (37)

gives with n + 1 to replace n:
n=2
Q (18) : t”_l][ gds_'
ot \ t ot 9B (%.4)

10\ 7 _1][ -
+| - t" hdS
(t 5“) ( OB(x,t) )1

where v,41 =1-3---(n—1) and B(x,t) denoting the ball in R"*! with center
x and radius ¢, and dS denoting the n-dimensional surface measure on dB(X, t).
Now, we observe that

1
u(x,t) = ——
Tn+1

I 1 N
F o FIHSD) = gy [ awasty) )

Notice that 0B(X,t) N {yn+1 > 0} is the graph of the function v(y) = (t? —
ly —x|?)2. Similarly, dB(X,t) N {yn+1 < 0} is the graph of the function —y(y).
Thus, (42) implies:

e 2 21
][amx,t)g(‘Y)dS(Y) = T Dam e /B(x,t) 9(y)(1 +|Dv(y)|?)2dy (43)

There is a “2” in the denominator because dB(X, t) consists of two hemisphere.
Now,

t

(1+[Dy(y)lF)? = @y =)}

We substitute this into (43) to obtain

e 2 9(y)t
/ onn’ ) = G et D /B<x,t> E y Y
B 2ta(n) ][ g(y)

(n+Dan+1)) peeyn (£2 — ly — x[2)3
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Similarly, for h, we have

2ta(n) ][ h(y) dy

/ onen V) = G D] s @ = ly - xP)F

We substitute these into the representation formula for u to obtain

o (1o ][ g(y)
(Lo tn d
ot (t 8t> ( B(xt) (12 — |y — X|2)1/2 Y
10 ) = ][ h(y)
+ (== tn dy || .
<t ot ( Bxt) (12 — |y — X|2)1/2

Since yp41 =1-3---(n—1) and

u(x,t) =

1 2a(n)
Tt (n+ Da(n+1)

Therefore,
1 2a(n) B 1 2#;)
Vel (n+Dan+1) 1-3---(n—1) (n+1)r7E:Z:)
1 r(e43

Using the property of Gamma function,

I'(m+ 1) =ml(m)

)
2
We could conclude that
n—1

()= () (%) ()

and

and




Therefore,
1 2a(n) 1

Vo1 (Mt Daln+1) 24 (n—2)-n

We substitute this into the representation formula for w to obtain the fomula
for even dimensions:

o=@ () (o )
i <}f<’?t> 2 <tn][B<x,t> (12— Iz(i,)XIQ)”QdXﬂ

where v, =2-4---(n—2) -n for x € R",t > 0 and even n > 2. Since vy, = 2,
it agress with Poisson’s formula (33) if n = 2. Hence, we got the following
theorem:

(44)

Theorem 2.3. (Solution of wave equation in even dimensions) Assume n is
an even integer, n > 2, and suppose also g € C™TL(R") h € C™ (R"), for
m = 22, Define u by (38). Then

(i) ue C? (R™ x [0,0)),
(i) up — Au=0 in R"™ x (0,00),

(iii) hm(x,t)%(xo,(]) u(x,t) = g (x%) ’hm(x,t)%(xo,o) uy(x,t) = h (x°)

x€ER",t>0 x€R",t>0
This follows from the Theorem 2.2.

Remark 2.4. (i) To compute u(x,t) for even n, we need information on
u=g,us = h on all of B(x,t), and not just on OB(x,t).

(ii) Huggen’s principle: Comparing (37) and (44), we observe that if n is
odd and n > 3, then the intial conditions g,h at a given point x € R"
affect the solution u only on the boundary {(y,t) |t > 0,|x —y| =t} of
the cone C(x) = {(y,t) | t > 0,|x — y| < t}, On the other hand, if n is
even the initial condtion g, h affect the solution u on the whole cone C(x).
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