KoMmIiLiiekcHbie dnciia

Sabpoaun lenuc AsexcanpoBud

15 despaia 2023 T.

Conepxkanue
[1__KomnnekcHele yucaal 2
(1.1 [eomerpuueckoe m300parkeHne KOMILJIEKCHBIX UHCE] . 2
(1.2 Tpuronomerpudeckasi popMa KOMILJIEKCHOIO YUC/Ia]| . 3
(1.3 YMHOXKeHNe KOMILJIEKCHBIX YHC/e B TPUIOHOMETPHYECKON (hopMe|. 3
(1.4  KowmmekcHoe cOnpsizKenHoe 4nucio| . 3
(1.4.1 CBoiicTBa olepamun CONPsKeHnsd] . 4
(1.0 /legenme KoMmIIeKCHBIX Unces] . P
(1.5.1 JleseHne KOMILJIEKCHBIX YUJICE B TPUTOHOMETPUYECKOI cbopMe| 4
(1.6 Bo3sBejienne B creneHb KOMILJIEKCHOI'O YUCJIa] . 4
(1.7 W3Bjieuenne KopHA 13 KOMILJIEKCHO YHCJIA) 5)
(1.8 [lokazarenbHasg bopMa KOMILJIEKCHOTO UKCJI) 5!
2__Mmnorounenel 6
2.1 Kparnocts Kopns| 7
3 'lTeopema Bueral 8
4  MHOro4/ieHbl C AeiCTBUTEJIbHBIMI KO3 PUIMeHTaM’ 9
[> Jluneiinble mpocTpaHCTBA) 9
(0.1 llpumepn! nmuneiinbx npocTpacTs| . . . . . . . ... ... 10
(0.2 [lpocTeiimue cBoiicTBa JUHEHHBIX TPOCTPAHCTB| . . . . . . . . . . . 10
(0.3 Jlumeiinoe nojmnpocrpancTtBo| . . ... . ... 1

6 Jluneiitnasg 3aBUCUMOCTDL U JIMHEMHAA HE3aBUCUMOCTH BEKTOpPOB| 12

| BEKTOPOB| . . . . « « . v v v e e e e e e e e 13
6.2 [eomerpuyeckoii cMbIC/T JTMHENHON 3aBUCUMOCTHU W JIMHEHHON He3a- |
| BUCUMOCTHU JIJIsl CUCTEMbI I'€OMETPUYECKUX BeKTopos| . . . . . . . . 14




[7 PazmepHocTb 1 6a3uC JMHEHHOIO IIPOCTPAHCTBA) 15

(.1 llepsoe onpenenenne 0azmcal . . . . . . . . . ... ... ... ... 16
[7.2 IlpeobpazoBanue KOOpIMHAT BEKTOPA IIPU IIEPEX0je K JIPYroMy Oa- |
| BUCY| .« « o o e e e 18
[(.3  JIupefinad obomodkal . . . . . . . ... 20
[7.4 Bropoe onpejenenue da3ucal . . . . . .. ... 22
(/.0  Omnpegesenne 0a3uca, yaoodHoe s pemennd 3a1a4d . . . . . . . . . 22




1 KoMijekcHbie 9ncja

Onpe,ueﬂeHI/Ie: KoMmIiekcHbIME 9ucjIaMi Ha3bIBaeTCsl MHOYKECTBO Bblpa}KeHI/Iﬁ

BUJA 7z — X + 1y, TJie X, V¥ € R, a1 - MEUMag eInanIa, y/I0BJIECTBOPAET YCJIOBUIO

i2 = —17 C BBECJCHHBLIMM B HEM OIlI€EpalAMM CJIO?KEHUA U YMHOXKEHMA!

21 =1+

Zy = Ty + 1Yo

21+ 20 = (w1 + 22) + i(y1 + y2)

21+ 22 = (122 — Y1y2) + 1(T1Y2 + Y172)

JIBa KOMILJIEKCHBIX YHCJIa 21 = T1 + %Y1 U Z9 = X9 + 1Yo PABHBI T U TT, KOTJa
T1 = T2 1Y = Y2

X - JIeliCTBUTE/IbHAsS 9aCTh KOMILJIEKCHOTO YHC/Ia, 7
y - MHUMasI 9aCTh KOMILIEKCHOTO YNC/Ia 7
Ob6o3navenue: x = Rez; y = Imz

2 = x + 1y - anredpandeckast (popMa KOMIIJIEKCHOTO YKCIa

1.1 FeOMeTpI/ItIeCKOG I/1306pa}KeHI/Ie KOMIIJIEKCHBIX Y1HCeEJI

IlycTs Ha 1mrockocTu 3ajana jekaproBa crucreMa Koopanaar Oxy. ComocraBum
KOMILJIEKCHOMY 9HCITY 7z = X -+ 1y Touky M(X, y)

3ameuanmue: TK reomMeTpudecKn M300parkaTh KOMILIEKCHOE YHCJIO MOXKHO He
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TOJILKO TOYKO{l, HO U BEKTOPOM, TO U CJIO?KEHUE, BbIYUTAHUE, a TAKKEe YMHOXKEHUE
KOMIIJIEKCHOT'O YHCJa Ha JEeCTBUTE/IbHOE YUCJIO MOXKHO BBIIOJHATH aHAJIOTUYHO
TOMY, KaK 3TO OCYIIECTBJISETCs /115l FeOMEeTPUIECKUX BEKTOPOB.

1.2 Tpuronomerpmieckas ¢popMa KOMILJIEKCHOTO YHCJIA

X = Trcoso

Y = rsing

2=+

z = r(cos¢ + ising) - TpuronomeTpudeckasi hopMa KOMILJIEKCHOTO IHCTa
r=|z| = /22 + y? - MOJLy/Ib KOMILJIEKCHOI'O YUCJIA
¢ = argz - apryMenT KOMILICKCHOTO YUCJIa

z=z+iy=r(l+i?) = cosp = 7; sing =2

1.3 YMHOXKeHIe KOMILJIEKCHBIX 4YICJe B TPUTOHOMETpHIUie-
ckoit popme

[Iycte 21 = r1(cosy + isingy) zo = ro(cospy + isings)
21 - 29 =11 - ra(cos(P1 + o) + isin(dr + ¢2)) (1)

|21 - 20| = |21] - |22]; arg(z1- 2z2) = argz + argz

1.4 KomiiekcHoe cOnpsizKeHHO€e YHICJIO
2=+ > 2= —1y
Z - KOMILJIEKCHO COTPSIZKEHHOE 110 OTHOIIEHNIO K 7
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Ecm z e R (Imz=0), 102 = Z
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1.5.1 JleneHne KOMILJIEKCHBIX YMJICE€ B TPUTOHOMETPHYIECKOIl popme
[Iyctb 21 = r1(cospr +ising1)  zo = ra(cospy + isings)

2L = L(cos(p1 — d2) +isin(gr — ¢2)) (2)

|

|21

1
| 22|
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1.6 Bo3Begenune B creneHb KOMIIJIEKCHOTO YMCJIA
Teopema: Ecin z = r(cos¢ + ising), To

2" = r"(cosng + isinng), ¥V n € Z (3)

(3) - @opmysia Myaspa

Z[OKaBaTe.TIbCTBOi



1. Ecm n € N, to dbopmya (3) = u3 (1)
2. Ecnn =0, 1o 2° = 1 = r%(cos0 + isin0)

3. Ecmm n < 0, To nyctb n = -m, m € N

SN M 1 1 _ 1 (cosmo—isinma)
o Tozm 0 rm(cosmptisinme) ™ (cosmo+tisinme)(cosmp—isinmo)

r~"(cos(—me) + isin(—mae)) = r"(cosng + isinng)

1.7 W3BjiedyeHne KOPHA M3 KOMIJIEKCHO 4UCJIa

Onpegenenne: Ilycts n € N. KopueMm n-oit crenenn n3 KOMILIEKCHOIO YHCIA Z
Ha3bIBAETCsl KOMILJIEKCHOE YNCI0 (v @ &' = 2

Teopema: [Ij1s1 HeHYIEBOrO KOMILJIEKCHOTO 9UCTIa 2 = 7(C0SP+ising) cyiecTByer

POBHO 1l Pa3/JIMYHBLIX KOPHel (v, v, (9, * * * , (1 N-Oif CTEIIeHN:
V2= = \/7_“(COS¢+27rk + zsznd)””k) k=0,1,2, .. n-1
HokazarenbctBo: [lycte a = p(cosh + isind) = a" = z = p"(cosnb +

isinnf) = r(cos¢ + ising) < p" =runl = ¢ + 2rk, k € Z

2k 27k .
= ap = \/F(cosgb+ =+ zszrﬁb+ =) - KOpHHI n-0ff cTerneHn u3 dmcia z. Beero
N pas/MYHBIX KODHEHl qy, JiexkaT Ha OKPY’KHOCTH pajuyca R = /r B BepuiuHax
IPABUJIBLHOTO N-YTOJTbHUKA,

1.8 IlokazarenabHasa popMa KOMIJIEKCHOIO YHCJIa
e'? = cosp + ising (4)

(4) - dopmy.ta Ditnepa

s (4) = e = cosp — ising (5)



iy oid : i6_g—it_ it
_ e"+e __ e%—e e
Uz (4) u (5) = cos¢p = “fF— n sing = “—5——
z=re? zZ=re®

2" = r"e™? - popmyina Myaspa B II0KazaTeIbHON (opMe

Uz = reGtt); £ =0,1,2,...,n—1

2 MHorouJjieHbl

Onpeaenenune: MuorodieHoM n-oii crerern HasbiBaeTcst pyuknus P(x) = agr™+
a1+ a1zt an, tiexr €Cia; €Cii=0,1,2,...,n:a0 # 0

Ob6o3nauenue: deg P - crenens muorowiena P(x)

3ameuanue: CjoykeHne 1 yMHOXKE€HHE MHOT'OYJIEHOB OIPEJIEJIsIIOTCS OObIUYHBIM
o0pa3oM, TP ITOM:

deg(P + Q) < max(degP; degQ)
deg(P - Q) = degP + degQ

Teopema: [list sii00bIx AByX MHOrOWIeHOB f(X) 1 g(X), T1e g(x) # 0, cymecTByer,
1 TIPUTOM €JIMHCTBEHHASI, apa MHONOWIEHOB ((X) U r(X) Takas, 9To

f@) =g(z)-q(z) +r(z) (1)

rie sinbo r(x) = 0, mmubo deg r < deg g

f(x) - menmmmoe, g(x) - genurenn, ((x) - YacTHOE, I(X) - OCTATOK
HokazarenbcrBo: Ecin f(x) = 0, To 6epem r(x) = q(x) = 0 u Teopema BepHa.
[Iycts f(z) #0

I cnywait degf < degg=f=g-0+f

II coxyyaii deg f > deg g

f(z) =apz" + a1z '+ ...+ a, 17+ ay

g(z) = box™ + bra™ t + ...+ by 1 + by

[IprMeHrM MeTo i MaT WHJIYKIINK 110 CTEeHsIM n MHOrodieHa f(x)
n=0=m=0uq(x) = 3 r(x) = 0= Teopema sepna

2)Cunraem, 9T0 TeopeMa BepHa Jist JTFOOOTO MHOTOWIEHA CTEIeHN < 1.

Obosnatum fi(z) = f(z) — 322" ™ - g(z)  (2)



JInbo fl(
Ecmun fi(x

0, 6o deg fi < n
flz) = gea"™" - g(x), Te

g(x) =2L2" " ur(x) =0 = Teopema BepHa
bo

) =
) =

Ecmu deg f1 < n, To 10 OIpeIEIEHUIO UH/YKIUH
fi(z) = g(x)-q1(x)+7r(x), vae mubo r(x) = 0, b deg r < deg g. 13 (2) mosryunm:

fx) = file)+gea""g(x) = g(x)-qu(2)+r(z)+ """ g(x) = g(z)- (Gra""+
q(x)) +r(z) = [Z—gfn_m + q1(z) = q(x)] = g(x) - q(x) + r(x) = Teopema BepHa

JlokazkeM e IMHCTBEHHOCTD passiozkerus (1). IlycTs cymecTByIOT 1Ba pasioKeHus:
(1) u
f(z) =g(z) a(z) +ri(z) (3)
deg r1 < deg g
Boeranraem (3) n (1):
0=g(x)(q(x) — @) +r(@) —rz) =gl¢g—q)=r—r
[Tycrs g # g1 = deg(g - (¢ — 1)) = deg g
Ho deg(r1 —r) < max(deg r,deg r) < deg g - npotusopeune = ¢y = qury =r
Teopema Besy: Ocrarok or jmenenns muorodsena f(x) na (x-a) pasen f(a)
JlokazaTeabCcTBO:
Pasznemmwm f(x) Ha (x - a):
f(x) = (x-a)q(x) + r(x)
rie deg r < deg(x-a) = 1 = r(x) = r = const
[Tpu x = a nosyunm 1 = f(a)
Onpesiesienne: X = a HasblBaeTCsd KopHeMm MHOrowieHa f(x), ecim f(a) = 0

Sameuanue: Eciu ocrarok or jgenenus f(x) wa g(x) pasen 0, TO roBOpsT, UTO
f(x) neqmres na g(x)

Crencreue u3 TeopeMbl Besy: Ecin x = a - kopens f(x), o f(x) genurcs Ha (x-a)

2.1 KparHocTh KOpHS

Omnpenenenne: Koperb x = a Ha3blBaeTCsl KOPHEM KDPATHOCTH K MHOTOUWIEHA
f(x), ecom f(x) nenures na (v — a)® u ne gemmres na (x — a)* !

Teopema: x = a - KopeHb KparHoctu k muorowitena f(x) T u tr, korma f(x) =
(z = a)* - g(x), rae g(a) # 0



OcHoBHag TeopeMa aJiredopsbl: Besikuit MHOTOU/IEH, CTelIeHb KOTOPOI'o HEe MEHb-
Ie eJIMHUIbI, MeeT XOTs Obl OJMH KOPEHb, B ODIIEM cjIydae KOMILICKCHBII

CaencrBue: Besikuit MHOTOWIEH cTelieHn n > 1 uMeeT pOBHO NI KOPHEI, IIPU 9TOM
P.(7) = apx" +a12™ 1+ .t ap 1wt a, = ag(r—a))(w—a) .- (x—a,) (4)
rie ai, ..., 4, - KOpHI MHOTOUWIeHa Py, (1)

HoxkazartenabctBo: [lo ocrosroit Teopeme anredpsr da; € C: Py(ay) =0

Torga o ciencTBmio U3 TeopeMbl Besy

Pu(x) = (= ar) Poa ()

Ecmn-1> 1,710 Jdag € C: P,_1(a2) = 0= P,(z) = (x — a1)(x — ag) P—2(x) n
ot

B pesysbrare nosydanm passoxkenue (4)

Sameuanune: CprHHI/IpOBaB B PpaBEHCTBE (4) MHO2KHUTEJIN C OJJUHAKOBbIMM KOPHI-
MU, IIOJIyHIHUM:

Py(z) = ap(x —a))™ - (x —ax) - ...- (x —a)* ()
a #a;upni#j ki +ke+....+k =n
k; - KpaTHOCTb KODHSI a;

(5) - KAaHOHMYECKOE PA3JIOYKEHNEe MHOTOUYJIeHA (HA MHOYKECTBE KOMILJIEKCHBIX Jli-
cen)

3 Teopema Bueta

Ecmn aq,as, ..., a, - KOpHU MHOTOYJIEHA

P.(z) = apx™ + a1z ' + ... + a,_17 + ay,, TO

p
al—l—ag—l—...—i—an:—g—;

aijas + .... +a1a, + asas + ... + ap,_10, = ==

kak
ao

aag - ... Qg + ... = (—1)

(@12 - ... - ap = (_1)7%3_2



4 MHuoro4jaeHbl ¢ JAeiicTBUTEJIbHbIMI KO3 DuUI-
eHTaMu

[Iycts P,(x) = apz™ + a1+ ... + ap12 + ay,

a; € R;e=0,1,...,n

Teopema: Eciiu x = a € C - kopenb MuOrowieHa P, (), T0 X = @ - TokKe KOPeHb
HokazarenbctBo: Ecin a - kopenb P,(x), To

apa™ + a1a” '+ ...+ a,1a+ a, = Py(a) =0

P,(a) =0

apa” + a1a™ '+ ...+ ap_1a+a, =0

apa" + a1a” '+ ...+ a, 1a+a, =0

apd” +a@a” '+ ... +a,1a+a, =0

P,(a) = 0= a - xopenb P,(x)

Bameuanue: Eciu a - kopenb muorowiena P,(x), o P,(x) nemures Ha (X - a)
a - Toke Kopenb = P, (x) nennres na (X - @)

Takum obpasom, P, (x) gemures Ha

2

(x—a)(z—a) = 2*— (a+a)r+ |a|? - kBajpaTHLI TPEXUJIeH ¢ JIefiCTBUTE IbHBIME

Ko purmenTamMm.

Bameuanue: Ecin P, (z) = agx™ + a1z ! + ... + a,_12 + a, - MHOrOUJIeH ¢ Jefi-
cruTebHBIMI Koabdummentamu, To P, (x) = ag(z — a)* - (x —ag)® - ... - (z —
a )’ - (2 +px+q) .- (22 +px+ @) (6)

rne a; € Ry k; e Njo =1, ..., s;
Pi, 4 ER;Tj EN;j=1,...,l

(6) - KaHOHMYECKOE DA3JIOKEHNe MHOTOUIEHA (Ha MHOXKECTBE JIeHCTBUTEIBHBIX
qucen)

5 JluHeliHbIe MpOCTPaHCTBA

Onpegenenne: JInHEHBIM TPOCTPAHCTBOM Ha3bIBaeTCs MHOXKecTBO V' = @, b, C, ...,
rjie @, b,... - 9JIEMEHTbI IPOCTPAHCTBA (BEKTOPHI), €CJIN JIJIs JIIOOBIX JIBYX BEKTOPOB

a u b u oboro ancia A € R = d+b €V u Aa € V, 1 BBIIOJIHAIOTCS CIISYIOIINIE
AKCUOMDI:

Vi,beV VYApueR
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ST

i+b=">b+
(@+b)+c=a+ b+

Va € V 4 uenynesoit Bektop o €V :a+0=0+ad=a

Va € V' 3 nporusononoxubiii BekTop —d € V 1 d+ (—d) = (—d) +d =0
(A~ p)d = A(pa)

M@+ b) = \@ + \b

(A +p
1

a=a

NS ot =

7= \d + pd
8.

3ameganue: JIuneiinoe MpoCTPAHCTBO HA3BIBAIOT TaKKe BEKTOPHBIM ITPOCTPAH-
CTBOM

5.1 IIpumepsbl JIMHENHBIX ITPOCTPAHCTB

1. mpocTpaHCcTBa reOMETPHYECKIX BEKTOPOB: V) - Ha IpsiMoii; V5 - Ha IJI0OCKOCTH;
V3 - B mpocTpaHCcTBe

muoxkectBa R u C
MHOKeCTBO Marpui, R™"
MHOKECTBO MHOI'O'JIEHOB cTerenn < n - P,

MHOZKeCTBO (DYHKIIM, HEIPEPBIBHLIX Ha oTpeske [a,b] - Oy

A S o

N-MepHOe IIPOCTPAHCTBO apudMeTHIeCKINX BeKTOPoB - R” - MHOXKECTBO Bce-
BO3MOXKHBIX YITOPSIOUYEHHBIX HAOOPOB U3 N JIEHCTBUTEIbHBIX YUCET, HA3biBa-
eMbIX apuMeTHIECKIMU BEKTOPAMU

Rn

T = (r1,%9,....,0,);2; €R
[lycte & = (21, 29, ...wp) 1 Y = (Y1, Y2, -, Yn)
Torna:
l.7=y&ex=y, Yi=12,...,n
2. T4+ y=(r1+ Y1,y Tny + Yn)
3. AT = (Axq, ..., ATy)

5.2 Ilpocreiiine cBoiicTBa JUHEHHBIX IPOCTPAHCTB

1. B smneitHOM mpoCcTpaHCTBE CYINECTBYET €JMHCTBEHHBIN HYJIEBOM 9/IEMEHT O
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2. st moboro BeKTOpa JMHEHHOTO MPOCTPAHCTBA CYIIECTBYET €TUHCTBEHHBII
[IPOTUBOIIOJIO?KHBII BEKTOP

3.0-d=0uX-0=0
JloKkazaTeJibCcTBO:
JLst TokasareibeTBa paBeHCTBa (1) JI0CTATOTHO JI0OKA3ATH, 9TO b+0-@=0,
VbeV
b4+0-G=b+0)+0-d=b+((—=@)+a)+0-a= (b4 (—a)) + 1d+ 0d =
b+ (=a)+(1+0)a=0b+(-a)+d=b+((—a)+ad)=b+d=0b
Pagencrso (2) okasbiBaeTcst, NCHONB3YsT paBeHCTBO (1) 1 akcnomy 5):

A G=A0-@)=(\-0@d=0-Gd=35

4. B nmuHEITHOM IPOCTPAHCTBE U3 PaBEHCTBA Ad = 0 cjeayer, 9To jnbo \ = 0,
mbo @ = 0

Jloka3aTeJibCcTBO:
I3 pasencrsa (1) ciemyer, aro ciaydait A = 0 Bo3MoxkKeH, ecit \ - d = 0
EctuA#0,r0d=1-d=(3\)d=3(A\a)=5-0=0
5. -a=(—1)a
JlokazaTeJibCcTBO:
i+ (-la=1ld+(-)da=(1-1)a=0-a=0

6. st 0OBIX JIBYX BEKTOPOB @ U b B JIMHEIHOM IIPOCTPAHCTBE CYIIECTBYET, 1
PUTOM €JMHCTBEHHAsI, PA3HOCTh b — @

Jloka3aTejabCTBO:

i+ (b+ (@) =@+ (-a)+b=6+b=b=>b—a=>b+(—a)

5.3 Jluneiinoe nmoampocTpaHCTBO

Omnpenenenue: [logmuoxkectso M C V HazbIBaeTCs JUHEHHBIM MOIIPOCTPAH-
CTBOM JIMHEIHOTO ITPOCTPAHCTBA V, €CJIM OHO CaMO SBJIAETCS JTUHEHHBIM ITPOCTPaH-
CTBOM OTHOCHUTEJIbHO OIlePAIUU CJIOYKEHUS 3JEMEHTOB U YMHOXKEHUS dJIEMEHTa Ha
YUCJIO

3ameganmue: [logmuokectBo M C V ecThb JinHeiTHOE TIOIITPOCTPAHCTBO B JIMHEH-
HOM TIPOCTPAHCTBE V TOT/Ia W TOJLKO TOT/A, KOTJa
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1.Vi,be M =ad+be M
2.V eRuVae M=) ae M

3ameuanue: [logmuoxkectBo M C V ecTb JimHeiiHOE TOIIPOCTPAHCTBO B JIMHEH-
HOM TIPOCTPAHCTBE V TOT/Ia W TOJBKO TOT/A, KOTJa

Vibe Mua,B ER=ai+Bbe M

6 JIuHeliHagd 3aBUCUMOCTD UM JIMHeITHAas He3aBUCH-
MOCTH BEKTOPOB

[Tycrs mano simHeiiHOe MpoOCTPaHCTBO V U B HEM CHCTEMa BEKTOPOB U1, ..., Uy,

Onpenenenne: JIuneitHoit KoMOMHAIIEH BEKTOPOB U1, ..., Uy, € V HA3BIBAETCS BEK-
TOP BHUJIA
?jz AUy + Nots + .o+ AU, (1)

rj1e A1, ... Ay - IPOU3BOJILHBIE YUCIA

Omnpenesienne: Jluneiinas komouHanust (1) Ha3bIBAETCS TPUBHAJBHOI, €CJIH A; =

A=.=2\,=0

B nporuBHOM cityvae JmHeiiHas KOMOMHAINS HA3BIBACTCS HETPUBHAILHOI (Te ec-
Jm xXoTst ObI o71HO A; 7 0)

Omnpegenenne: CucremMa BEKTOPOB Y = U1, U, ..., U, HA3BIBACTCS JIMHEITHO 3aBH-
CHMOIi, eCJIM CYIIeCTBYeT HeTpUBHAJIbHAs JIMHeiHass KOMOUHAIS STUX BEKTOPOB,
paBHasI HYJI€BOMY BEKTOPY, T€ €CJIU CYIIEeCTBYIOT YHCIa A1, A2, ..., Ay, OJHOBpE-
MEHHO He paBHbLIE HYJIIO, TAKHE UTO:

AUl + Xots + ..+ Nt =0

Omnpenenenune: CrucremMa BEKTOPOB Ha3bIBACTCS JIMHEHO HE3aBUCUMOIL, €I Hy-
JIEBOMY BEKTOPY paBHA TOJHLKO TPUBHAbHALA JTUHEITHAS KOMONHAIA STUX BEKTO-
poOB

3amevanue: Kpartkoe ornpejeeHue:

Bekropbl U1, U, ..., Uy, - JUHEHHO HE3ABUCUMBI, €CJIU AU + Aats + ... + A\t =
5<:>)\1:A2:...:)\m:0

B IIPOTUBHOM CJIy4da€ BEKTOPbI JIMHEITHO 3aBUCHUMBI.
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6.1 CgBolicTBa JMHEWHO 3aBUCHUMBIX U JIMHEITHO He3aBUCHU-
MbIX CUCTEM BEKTOPOB

1. Cucrema 13 0JTHOTO BEKTOPA JTUHEITHO 3aBUCHMa, TOTJIA U TOJTHKO TOT/1a, KOT/Ia
9TOT BEKTOP HYJIEBOI

okazaTeabcTBO: Jluneiinas 3aBUCUMOCTH CUCTEMBI U3 OJIHOIO BEKTOPA
PaBHOCUJIBHA TOMY, 9TO AU = 0, a ycaoBue \d = 0 < 4 = oA # 0) -
CJIeJICTBUE IIPOCTEHIINX CBOUCTB JIMHENHBIX [IPOCTPAHCTB

2. Kpurepuii smneiinoit 3apucumocT cucreMbl BeKTopoB. CucreMa BEeKTOPOB
Y = {uj,us, ..., up}, ooe m > 1, JuHeitHO 3aBHCHMA THUTT, KOTJA XOTs ObI
OJIH U3 BEKTOPOB 3TOM CUCTEMBI JIMHEITHO BBhIpasKaeTcs depes JIpyTrue

Heobxomumocts: Ecin ¥ = {u, ..., u,,} nuneiino 3aBucnva = 3 dncia
A1, .-y A, OJIHOBPEMEHHO HE paBHbIE HYJIIO U TaKue, 9TO

MU+ ..+ Ny, = 0

[Iycrs A; # 0. Torpma B cuty (2)

- A Aoy = Xi1,, > Nig1,, - A =
uy = —/\—1114 — A—?u? — .. — /\—iui,l — )\t Ujp] — oo — /\’?um

HocraTouHocTb: [lycrs, Hanpumep, u; = At + ... + A\pty,. Torma 0 =
—u1 + Aty + ... + AUy, - 3TO HeTpUBUAJIbHAsT JUHEIHAS KOMOUHAIINS =
Y = {ui, Uy, ..., } TUHEHHO 3aBUCHMA,

3. Ecnmn nojcncrema cucteMbl BEKTOPOB JIMHEHHO 3aBUCHMa, TO U BCA CHCTEMA
JIMHEfIHO 3aBUCUMAa

4. JTobas nojacucreMa JUHEITHO HE3aBUCUMOI CUCTEMbI BEKTOPOB JINHEITHO He3a-
BUCHMa

5. Kpurepuit ynnHeiinoil He3aBUCUMOCTU cHCTeMbl BeKTOpoB. CucreMa BeKTO-
poB X = {uﬁ,u}, ...,u;l} JINHEITHO He3aBUCUMa TUTT, KOI'Ja Ji0OOil BEKTOD,
SIBJISTIOIIMIICS JINHEITHOM KoMOMHAIel 9TIX BEKTOPOB, UMEET eMHCTBEHHOEe
pas3JjioKeHue 1Mo 3TUM BEeKTOpaM

6. Eciu cucrema Bektopos Y. = {ui, U, ..., Uy, } - JIUHEHHO HE3aBUCHMA, & CH-
crema BekTopoB Y = {ui,ud, ..., Un, U} JUHEHHO 3aBHCHMA, TO BEKTOD U

—

JIMHEHHO BBIPArKAETCS 9epe3 BEKTOPBI U], U, .., Up,
JlokazaTe/1bCTBO:

Y/ - nuHeitHO 3aBUCHMA =>

MU F oo+ Aty + AT =0 (3)

IJIe XOTs ObI OJTHO U3 YHCET A1, A2, ..., Ay, Ag HE PABHO HYJIIO.
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Ecim A\g = 0, T0o Heny1eBoii KOA(MDPUIUEHT A\ HAXOIUTCS CPEJIN YUCE A1, ..., A,

[Tpu sTOM paBeHcTBO (3) MEPEXOUT B PABEHCTBO:

MU+ oo+ Aty = 6 (4)

rje (4) - HeTpuBHAJIbHAST JIMHETiHAST KOMOUHAIINS, PABHAST HYJIEBOMY BEKTODY

= MPOTHBOpEYNE JIMHEHHO! HE3aBUCHMOCTH CHCTEMBI Y = {u], ..., Uy} =
Ao # 0 = BekTOp ¥ JINHEITHO BBIPAYKAETCST U3 PaBEHCTBa (3) Wepe3 BeKTOPHI
ULy -ens Um

6.2 T'eomerpuyeckoii cMbICJI JUHEINHO 3aBUCUMOCTHA U JIN-
HENHO HEe3aBUCUMOCTU JIJId CUCTEMbI IreOMETPUIECKNX
BEKTOPOB

Teopema: /IBa BekTOpa JIMHEITHO 3aBUCUMBI TUTK, KOIJIa OHU KOJIJIMHEAPHDI

HeobxoaumocTb: Eciin BeKTOpbI @ 1 b JIMHEIHO 3aBUCUMBI = COIVIACHO KPUTE-
puIo JiuHeitHOl 3aBucuMocT @ = Ab = d||b

Jocrarounocts: Ilycers @|[bn @ # 0 (ecan @ = 6, To cormacuo csoiicTBanm 1) u
3) d u b JuHEHHO 3aBUCHMDI)

= b = A\d = coriacHo cBOHCTBY 2) @ U b JIMHEHHO 3aBUCHMBI

Teopema: Tpu BeKTOpa JIMHEHHO 3aBUCUMBI TUTT, KOT/Ia OHU KOMILIaHAPHDI

—

HeobxomumocTb: [lycth BeKTOpHI @, b, ¢ IMHEHO 3aBUCUMBI = OJINH U3 HHUX
JINHEITHO Bblparkaercs: yepes japyrue. [lycers ¢ = ad + b

Eciu @||b = BekTopsl @, b, € KoJLTMHEAPHDBI 1 TeM 00Jiee KOMILTAHAPHBDI

Eciu BekTopb! @ Jf b. Torma npuBeieM BEKTOPHI d 1 b K oJlHOMY Hadajy. BekTop
C ABJISIETCS IMArOHAJIBIO HapaJlleJorpaMMa, OCTPOEHHOI0 Ha BEKTOpax ad 1 /35
= C JIEKUT B TOIl »Ke IJIOCKOCTH, 9TO W BEKTOPLI 4 1 b = BeKTOpHI d,b,C -
KOMILJTAHAPHBI

Hocrarounocts: [lycrs @, b, ¢ - xommtanapust u @ Jf b(ecaun dllb = a@ u b -

—

JIMHENHO 3aBUCHMBI = d, b, € - JINHEIHO 3aBUCHMBbI COIVIACHO CBOMCTBY 3))

—

[IpuBenem BeKTOpHI @, b, € K OIHOMY HadasIy
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¢ =0A+0OB = ad+ b = ¢ nHeitHO BhIpazkaeTcs uepes a u b = a, b, ¢ jmuHeitHo
3aBUCUMBI

Teopema: JIroOble Yepbipe BEKTOpa JIMHEITHO 3aBUCUMBbI
Hokazarenberso: X = {d, b, ¢, d} - iuHeitHO 3aBUCHMA.
/ — 'l —
Pacemorpum Y = {d, b, ¢}
1. Ecom ¥ nuneiino szaBucuma = Y JIMHEfHO 3aBUCHMA,

2. Eciin ¥/ juneiino nesasucuma = d, b, ¢ - HeKOMILIAHADHDI

d=0A+0B+0C =
=aa+ fb+yc
= d — ITUHEHHO

BBIpAKaeTCs yepes

a,b,c=>x={ab,cd

JIMHEHUHO 3aBUCHUMA

7 PaszmepnHocTh u 6a3uc JMHETHOTO IIPOCTPAHCTBA

['oBopaT, 9TO JUHEHOE TPOCTPAHCTBO V HNMEET PasMepITHOCTh N, €CJIU B IMPO-
cTpancTBe V CYIIECTBYET N JIMHEITHO HEe3aBUCUMBIX BEKTOPOB, & JI00as CHCTEMa
u3 n-+1 BeKTOpa JIMHEHO 3aBUCHUMA.
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Omnpenenenue: PazmepHocTh JIMHEHHOTO TPOCTPAHCTBA - 9TO HAUOOJIbIIIEE YNCTIO
JINHETHO HE3aBUCUMBIX BEKTOPOB 3TOM ITPOCTPAHCTBE

Oboznauenne: dim V - pazMepHOCTh JMHEITHOTO IIPOCTPAHCTBa, V.

7.1 IlepBoe onpejeneHne 6asuca

Onpenenenne: Ilycts V - n-MepHoe JimHeiiHOEe HIPOCTPaHCTBO. basucom B =
{e1,...,€,} C V nazbiBaeTcs jiiobasi crcTeMa U3 N JINHEITHO HE3aBIUCHMbIX BEKTOPOB
B 9TOM IIPOCTPAHCTBE

Teopema(o pa3jioKeHnu BEKTOpa IO 6a3uCy):

[Iycts V - nmmeitnoe npoctpancrBo u B = €y, ...,€, - 6azuc V. Torma J000it
BeKTOp U € V ecTh jmHelHas KOMOUHAIS BEKTOPOB Oasuca, Te Vu € V3 uncia
T1,T2, ..., Ty, TaKHEC, 9TO

ﬁ:x1€1+...+xn5n (1)

1 passozkenne (1) e uHCTBEHHO
JloKkazaTeJibCcTBO:
1. Jokazkewm cytectBoBanme pasioxkenns (1)

Bosbmew J1t060ii Bekrop U € V. Pacemorpum cucremy Bekropos 3 = {1, €1, ..., €, }.
Cucrema Y cocrout u3 n+1 Bekropa. Tk dim V = n, 1o ¥ - jinHeiiHo 3aBu-
cUMa, Te CYNIECTBYeT HeTpUBHUAJbHAs JIMHEiHAsT KOMOUHAIMA AU + A1€] +

et e =0 (2),
rjie XoTs Obl OIMH 13 KOIMDPUITMEHTOB Ay, ..., A\, OTJIHYEH OT HYJIA

[peanosnoxkum, uro Ag = 0 = A\€1 + ... + \,€, = 0. Ho é1, ..., €, - smneiino
HE3aBUCUMBI = A\| = Ay = ... = A\, = 0 = nporuBopeune u Ay # 0

I3 paBencTBa (2) mosty<nm:

U=——€ — —€ —...— —€, =

Ao Ao Ao

= T1€1 + ... + T,€), - pazoxkenne (1)
2. JlokazkeMm eIMHCTBEHHOCTD passiozxkenus (1)

[IycTb cymiecTBYIOT JIBa PA3/IMIHBIX Pa3I0KEHUS:

U = T1€] + T2€9 + ... + Tp€, (1)
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U = y1€1 + y2€2 + ...+ yngn (3)

Boranraem u3 pasencrsa (1) pasencrso (3):
o=(r1—wy)ex+ ...+ (xp —yn)en (4)

Tk €1, ..., €, - JUHEHHO HE3aBUCUMBI, TO JIMHeHHas KoMOuHaIws (4) TpuBH-
aJIbHa

=21 —1yY =029—9w=0,..,2, —y, = 0= 21 = yp,...., 0, = Yy =
poTHBOpedne = pasjoxkenne (1) eIMHCTBEHHO

Sameuanune: Yucjia x1, T, ..., &, HA3BIBAIOTCS KOOP/IMHATAME BEKTOPA U B Da3uce

B

O6o3znavuenue: Ecin B = {é], ..., €,} - 6asuc B V, 10

I
u = S u=xe; + ...+ xpe,

[Iycrs V - smneitnoe npocrpatcrso u B = {é, ..., €, } - 6asuc B V

Teopema: Ecian

x1
—
n
U1
U=
yn B
, TO
r1+ U
U+ U=
n
/\xl
= | ..
ATy, B



JlokazaTeJibCcTBO:

Anajiornyuno g \u

7.2 Ilpeobpa3oBanne KooOpJAMHAT BEKTOpa MHpu Iepexode K
Apyromy 6as3ucy

[Iycts V - mmneiinoe mpocrpancrso u B = {éy, ...,e,} u B’ = {é, ..., €, } - 6azuco
BV

B - ncxojublit 6a3uc; B’ - HOBBIIT Oa3nc

[TycTn
x1
U=
n /
)
u= 1\ ..
/
T,/ g

IIycTb BeKTOpBI HOBOIO Dasnca packK/agbIBalOTCsl 110 BEKTOPaM CTaporo dasuca:

4 — — —_
€] = C11€1 + ... T Cp1€y
— — —

) €9 = C12€1 + ... + Ccpaen (5)
~ — —
€; = C1;€1 + ... + Cpi€p
— — —
L€p = C1n€1 + ... + Cppép
=
C1y
C .
~ 21
€, =
Cni

Brenem maTpuiry
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C11 Ci2 ... Cip
C C21 C22 ... Cop

Ch1 Cn2 ... Cpn

MaTpuIla 1nepexoia or dbasuca B K basucy B’

PaBencTBo (5) MOXKHO 3aIlCATH B MATPHIHOM BHUJIE:

g=e-C (6

Tk
/
1 C1; I
’L_[: _— 76_;. pr— I/Iﬁ g
xn B’ Cm' B xn B
n n n
— I ! A ' NS
= U= ) Ti€, =) T Cji€; = > (D0 wicji)e;
=1 =1 7=1 7j=1 =1

n
C apyroii cTOpOHBI U = Z ;€
J=1

B cnity euHCTBEHHOCTH Pa3IozKeHnsT BEKTOPa, [0 OA3UCY TTOJTY TIM
n
_ / -
rj=> xcy, t=12,..n (7)
i=1

Banuiem pasencTsa (7) 1m01poOHO

( ! ! !
T1 = 1127 + C12Ty + ... + Ci1pX,

!/ / /
Ty = Co1 Ty + C2Ty + ... + Cop T,

ISR | o ) !
Tj = Cj1T] + Cja%y + ... F Cjpy,

/ / /
( Tn = Cn1T + CpaTy + ... + CunTy,

Banuiem cucremy (8) B MATPUIHOM BH/IE:

T x)
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RALS

Ci11 Ci12 ... Cip
O — C21 C22 ... Copn
Ch1 Cn2 ... Cpn

MaTpuIla nepexoja ot dasuca B k 6asucy B’
Teopema: Marpuriia nepexojia ot 6asuca B k 6a3ucy B’ He BbIpoxKjieHa
JlokazaTeJibCcTBO:
Ucnonbzyem dopmyiy (6): ¢’ =¢-C
>

rie € = (€1,...,e,); ¢ =(€e,...e)=e=€-C'=¢-C-C'"=¢-D,;tne D =C
e

[Tokakem, uro D = (d;;) = E - exunnunas marpuna

eudy (10)

Tk BeKTOPBI €71, ..., €, - JIHHEIHO He3aBUCUMbI = JinHefiHas KomOuHarmst (10) -
TpuBnajbHasg = dy; = 0,...,d; — 1 =0,...,d,; =0

1, nput =7

7 — cumBoa Kponekepa
0, upu ¢ # J

= dij = 51']' =

=D-C.-C=E=C = (C!'= C - ne BbIpoKIcHA
Tk C - #e BbIpOKIeHA, TO U3 GOpMyJIbl (9) MOy TIM:
/

=Ct | .. (11)

B

(11) - mpeobpaszoBaHie KOOPIMHAT BEKTOpA MPH IePexojie K HOBOMY Oasucy

7.3 Jluneiitnas oboJioYKa
[Iycrs ¥ = {uy, ..., Uy, } - cCTEMa BEKTOPOB JIMHEHHOTO TPOCTPAHCTBA, V.

Omnpenesienne: Jluneitnoit 060709KON cucteMbl BEKTOPOB . = {1, ..., U, } Ha-
3BIBAETCS MHOYKECTBO BCEBO3MOYKHBIX JIMHEHHBIX KOMOMHAIIMI 9THX BEKTOPOB.

O6osznavenue: L(uy, ..., U, ) - THeHAsT 06009Ka CUCTEMBI BEKTOPOB X = {11, ..., Uy, }

Taxum obpazom L(iy, ..., Up) = {U = Mt + ... + Aptl; N ER; i=1,...,m}
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Teopema: Eciu w7y, ..., U, - BEKTOPBI JINHEHHOTO ipocTpancTsa V, 1o L(iy, ..., Uy, )
SIBJISIETCST JIMHEHHBIM HOAIIPOCTPAHCTBOM IIPOCTPAHCTBA V

Teopema BbITEKaeT U3 ONpeAeIeHId JTHEHHOTO MOAIPOCTPAHCTBA.

Teopema: PazmepHocTb JIMHEIHOIO MOJIIPOCTPAHCTBA HE MPEBOCXOJUT PasMep-
HOCTH IIpOCTpaHCTBa. JIMHeitHOe MOAIPOCTPAHCTBO TOM K€ Pa3MEPHOCTH, YTO H
BCe ITPOCTPAHCTBO, COBIAJAET C ITPOCTPAHCTBOM

HoxkazaTeabcTBo: [lepBast qacTb (GOPMYJIMPOBKU TEOPEMbI OUEBHTHA.
[Iycte M - smneiinoe moammpocTpancTBO B JuHeiiHoM mpoctpatctse V = M C V
[Iyctb dim M = dim V = n

Bosbmenm B M jinHeiiHo HE3aBUCUMYIO CHCTEMY BeKTOPOB Y. = {€7, ...€, }. Cucrema
BEKTOPOB X sIBJIsIeTCs Oas3mcoM Jijist oboux npocrpanctB M n V. = Vi € V =
Uu=xr€e1+..taxpep,=uveEM=VCM=>M=V

Teopema: Eciin & = A\t + ... + A, 10 L(Z, Uy, ..., Uy) = L(Uy, ..., Up)

HokazarenbcrBo: OueBnino, 9to L(wy, ..., Uy,) C L(Z, Uy, ..., Uy,) VU € L(Z, Uy, ..., Uy) =
U= apZ+ oty + ...+ apily, = ag(Mi+... + A\ptl) + 1l + ...+ oy, = Priy +

A By € (@1, ooos o) = L(Z, s ooy o) C L1, oors o) = L(Z, W1y oo, ) =
L(ty, ..., Uy,

Omnpepesienne: Cucrema > = {uy, ..., U, } HA3bIBaeTCS CHCTEMON 0OPA3YIOMIIX
JIMHEHOTo 1pocTpaHcTBa V, eciu ee JuHeiinas 000JI0UKa COBIALAET C IPOCTPaH-
crBoM: L(ty, ...y Up,) =V

Teopema (Teopema Ilreiinumna):

[lyers ¥ = {uy, ..., Uy} - cucrema 0Opa3yIONUX JHHEHHOrO MpocTpaHcTBa V i
¥ = {1, ..., U, } - IuHElHO He3aBUCHMAsT CHCTEMa B IPOCTPAHCTBE V.

Torna:
1. m>n

2. Kakme T0 n BEKTOPOB CUCTEMBI Y. MOYKHO 3aMEHHUTH Ha BEKTOPHI CUCTEMBbI X1
Tak, YTO IOJyUYeHHAasl CUCTEMa OCTAHETCsl CUCTEMOIl 00Pa3yIoIux IPOCTPaH-
ctBa V

Teopema: Jliobas uHeiiHO He3aBUCHMAas CUCTEMa 00PAa3yIONINX JUHEHHOTO TPO-
cTpaHcTBa V SBJISETCS €ro 0a3ncom

HoxkazaresiberBo: [Iycrs B = {é, ..., €,} - qumeitno nesaBucnmas curcema 06-
pasytomux npocrpancTsa V. Ilokaxkem, uro dim V - n.

B mpocrpancrse V cylecTByeT N JIMHEHHO HE3aBUCUMBIX BeKTOPOB. Ilokaxkem,
9TO JIIOObIE N+1 BEKTOPOB JINHEHHO 3aBUCUMBI
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Bepewm Jii00yto cucremy u3z n+1 Bekropa Y = {uy, ..., U1} [Ipejmnonoxkum, 4ro
Y} - MUHENHO He3aBUCHMA.

Ho 1« B = {é1,...,€,} - cucrema obpasyoInx IpocTpaHcTBa V = 10 Teopeme
[Ireitrunia n > n + 1 = nporuBopedne = X - JuHelHO 3aBucuMa = dim V = n
n B ={ée,...,e,} - basuc B V.

7.4 Bropoe ormpeegeHne da3uca
B ={é,...,é,} - 6asuc B JIuHEHHOM mpocTpaHcTBe V, eciiu
1. B={é,...,€,} - InHeiiHO He3aBUCHMA,;

2. L(B) =V, re B={ey,...,€,} - cucrema obpasymomux mpoctpancTsa V

7.5 Omnpenenenne 6a3uca, yao00Hoe A4 penieHns 3a1a4
B ={é, ..., é,} - 6asuc B IMHEHHOM MpOCTPaHCTBE V, eciin
1. €1, ..., €, - JINHEITHO HEe3aBUCUMBI
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