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1 Iloustune pyHKIuM

Vo € X — eauHCTBeHHBIH y € Y y = f(z)

Onpenenenne: Qynkyueti Ha3bIBAETCS COOTBETCTBHE MHOXKecTBa X u3 R MHO-
»KecTBY Y n3 R, Takoe, 9T0O KayKJIOMy 3HaYEHHIO X MHOYKECTBa X COOTBETCTBYET
eIMHCTBEHHOE 3HAYEHUE V U3 MHOXKECTBa Y

X - MHOXKECTBO onpejesenns pyHKIIu
E={yeY : y=f(x),Vr € X} - MmHOXKeCTBO 3HAYEHUIT DYHKIIIN

2 Crocobnl 3aganus (pyHKITAN

1. Anaymmrudeckuii crocoo.
e SIBno 3asannbie Gynxkuun: y = f(z); y = 2 + 5z + 2
e Heasno sanannbie dynkuun: F(z,y) =0; 22 +4*> =1, e y > 0

e [[apamerpudecku 3ajiaHHble (DYHKIINN:
x = §(t)
y=1()
2. I'pacbuuecknii criocod

3. Tabau4aumblili criocod

Cynepnosunus < cjoxKHasg QYHKIUS <> KOMIIO3UINSA (OYHKIUIT

y=f(x);z=9(y) = 2z=g(f(z))

3 Ilpenen dyukiunm

3.0.1 Ilo Komm

Omnpenenenne npejesta yaknun 1mo Korm:
lim f(zr) =A< Ve>0 Fi(e) >0:Ve, 0<|z—al|<d=|f(x)—A|l<e

Tr—a

Omnpeiesienne mpejea GyHKINNT B 6eCKOHETHOCTH:
lim f(z)=AeVe>0 dIM(e)>0: Ve>M |f(z)—Al<e

T—>+00

lim f(z)=A<Ve>0 dM(e)>0: Ve<-M |f(x)—A|l<e
T—r—00

li_>mf(:z:):A<:>V5>O dM(e)>0: Vz|>M |f(x)—Al<e

lim f(z) =40 VM >0 36(M): Ve: 0<|r—a|<d flx)>M

Tr—a
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3.0.2 Ilo T'eitne
lim f(z) =A< Wae,} wa={f(z,)} = A

Tr—a

3.1 OpgHOCTOPOHHME MIPEAEIbI

JleBocTtoponuwuii npegeir: © — a (x < a)

lim f(x) =A<

T—a—

Ve>0 3J0(e)>0: Ve:a—d<z<a=|f(zr)—Al<e
IIpaBocTopoHHuwmii npese: © — a (r > a)

lim f(z) =A<

T—a+

Ve>0 3J0(e)>0: Vo: a<z<a+d=|f(x)—Al<e

lim f(z) =A< lim f(z)= lim f(z)=A

T—a T—a+ T—a—

3.2 Teopembl

Teopema 06 orpanndeHHOCTH (PYHKIINHN, NMEIOMIEN IIpeIet:

Ecau lim f(z) = A, To dynknus f(x) - orpanmdentast B OKDECTHOCTH TOUKH a.
r—a

Jloka3aTejabCTBO:
Ve>06(e)>0: Vo, 0<|z—al|<d=|f(r)-Al<ee A—c < f(x) < A+e

Teopelvla O COXpaHeHnHr 3HaKa IIpeleJia:

lim f(z) = A= 3U(a,d) : x € U(a,d) sgn(f(z)) = sgn(A)

Tr—a

Teopema 00 eaguHCTBEHHOCTH TIpeJieia;

lim f(z) = A = OH ¢/ IMHCTBEHHBIIT
Tr—a

IIpeenbHbIil IEpEX0/ B HEPABEHCTBAX:
lim f(x) = A, limg(z) =B, Vz f(z)<g(z)=A<B
Tr—a Tr—a

Teopema o mpezesie MPOMeXKYTOIHONH DyHKIUN:
u(z) < f(x) <wv(x) Vo e U(a)
Jlimu(z) = Flimov(z) = A= Jlim f(z) = A

T—a T—a T—a

TeopeMa O IIpeaeJIbHOM IIepexo/ie B apI/I(bMeTI/I‘-IeCKI/IX ornepanungax:
r—a r—a r—a

lim fi(2) * folw) = A% B




4 CpaBHeHUe OeCKOHEYHO MaJbIX (PYHKIIIA

[Iycts ao(x) u B(x) - mBe 6.M dyaknnu npu x — a, T.e 3 lim a(x) = 0u I lim f(x) =
T—a r—a
0. CpaBHnM 31 PyHKINHU, paccMOTpeB lim %
Tr—a

5 Hexkoropble noJjie3nble Opeaeabl U MeTOAbl UX

JTOKa3aTeJIbCTBAa
1. lim¢" =0, |q] <1, r:ri', r>1, r=1+a, a>0
n—oo

ﬁ =7r" = (1+ a)" > an (nepasenctBo Bepmysm)

L > an
lq

1
— > |q|"
0<lg"<L—=0

2. nh_{{)lo\/ﬁzl

n=(yn)" =1+ (n—1)"=1+n(yn—1)+ 5/ —-1)2+ -+
(n = 1) > M (Y= 1)

M Dyn—1)2<n = (Yn-172<2 =
Bribepem Ve > 0
Vn—1] <y/-%; <enpuscexn > 1+ 5

g vas=1

a) a = 1 = oueBnjHO
60)a>1= a>1

a=(Ya) = (1+(Ya— D)) > 1+n(Ya-1)>n(a—-1) =

Ve>0, 0<ya—-1<%<e n>?

B)0<a<1l=1>1=limlim {/1=1= lim {/a = lim T{}T:l

n—o00 a n—00 n—00

6 beckonedno maJjible (PpyHKIIUU

r — ala+,a—, 400, —00, 0)



((x) - ©6.M 11pH X — a)
=
lima(z) =0 Ve>0 Fi(e)>0: 0<|z—al<di=|a(x)|<e

Tr—a

IIpumep:

[Ipu x — 0 dbynxuus sin(x), 22, 1 - cos(x) ABgI0TCH 6ECKOHEUHO MaJIbIMHU,

ITpu x — 2 dyukiuu sin(x-2), (z — 2)3, 1 - cos(x-2) aBasgOTCs GECKOHETHO Ma-
JIBIMU.

7 JlemMma o cBs3u (pyHKIONH U ee IIpeesia

(Flim f(x) = A) < (f(x) —A=azx): lima(z)=0)

T—a Tr—a

JlokazaTe/1bCTBO:
1) HeobxonmmocTb

dlim f(z) =A< Ve>0 Fi(e)>0: Vo, O0<|z—a|<d=|f(z)—A|l<e.

T—a

O6oznaunm f(z) — A = a(z), rorma Ve > 0 3d(e) >0: Ve, 0<|z—a|<di=
la(z)] < e = Flima(zr) =0 = a(x) - 6.M 1pu X — a
r—a

2)/IocTaTo9YHOCTH
[Iycts az) = f(x) — A - 6.M pu X — a.
CietoBaTesbHO, li_l;n a(x) = hin(f(.r) —A)=0=Ve>0 3i(e) >0: Vz:

O<|z—a<d=|(f(x) —A) -0 <e=|f(x) — Al <e< Jlim f(z) = A

Tr—a

Jlemma 1. Cymma KOHEUHOTO 4nC/Ia OECKOHEUHO MBLIBIX €CTh BeJIHINHA OECKO-
HEYHO MaJias.

Jloka3aTeabCTBO:
[Iycrs a(x), B(x) - 6.m mpu x — a. Jokaxkem, ato a(x) + B(x) - 6.mM pu X — a

Ve >0 Hoi(e):Va:|r—a|l < |a(z)| <5
3da(e) : Vo i |[r —a| < by [B(x)| <5

BosbmeMm § = mindy, 0. Torma Ve : [z —a| <6 |a(x)+8(2)| < |a(z)|+]6(x)] <
s+5=¢,urn
Jlemma 2. [Ipoussejienne 6eCKOHETHO MaJIOil BEJIMUNHDBI Ha OIPAHIMIEHHYIO SBJISI-

eTcs BeJIMYNHON OeCKOHEYHO MAaJIOI.

[Iycts cymecrsyer M > 0 : Vo |B(z)| < M,a(x) — 0 npu x — a. Torma
a(x)[(x) - beckoHedHO MaJIast P X — a.



JlokazaTeJibCcTBO:
Ve>030 >0:Vx: |z—al<d |a(x)| < <; Torma
Vo:lv—al < |a(x)p(@)] < lalz)]* |B(x)| < M = e urn

Jlemma 3. IIpoussejsienne 1Byx 6ECKOHEUHO MaJIbIX €CTh BeJIMYNHA OECKOHEYHO
MaJIasl.

8 SOKBUBaJIEHTHbIE OECKOHEYHO MAaJIbIe

Onpepesienne: beckoneuno masbie dbyakimn a(x) n J(X) HA3BIBAIOTCS KBUBa-

JIBHTHBIMU IIpU X — a, ecju lim lim % =1
r—a

O6osnauenne: o(x) ~ [B(x). [pumep: sin(z?®) ~ 2% upn x — 0

CooTHollleHne 3KBUBAJICHTHOCTH o6ﬂa/1aeT cBoiicTBaMU pegﬁﬂe%cuenocmu, CUM-
MEMPUYHOCTIU 1N TMPAH3UIMUGHOCTNU !

a~f, a~f=f~a a~Bf~ry=a~y

CMBIC/T 9KBUBAJIEHTHOCTH COCTOUT B TOM, UTO OECKOHEUHO MAJIble CTPEMSITCS K
Hy/110 "¢ OJMHAKOBOI CKOPOCTHIO".

Teopema o 3ameHe OeCKOHEUHO MaJIOil (DYHKIIMYM Ha SKBUBAJIEHTHYIO

[Ipenen oTHomenns AByX 0.M. He U3MEHUTCS, €CJIUM 3aMEHUTh 3TU O0.M. Ha UM K-
BUBAaJICHTHDBIEC

[Iycts © —a alz) =0, Bx) =0, alx)~a(x), B(z)~ Li(x)

i @) iy @)
Torna lim 555 = lim 555
JToKka3aTebCTBO: }jgr(ll % = chlgé % = 31613}1 giég

9 IlepBnlii 3aMedaTesIbHBII Ipeaesa

SN
=1

lim
z—=0 X

9.1 CiaeacrBusa

CaemxcrBue 1: lim Y& =1
z—0 T

CaencrBue 2: lim 20 — ]

z—0

Cnencrsue 3: lim 992 — |
z—0 L



Cnencrsue 4: lim =92 =

z—0

DO +—

10 Bropoii 3aMedaTe /IbHBINA Ipeaet

8=

1
lim (1 + — ) =e¢; lim(1+ )

=e
T—00 z—0
r—4o00; Vnon<zr<n+1
1 11
1 So S
Lori<iqpr<iyg
n+1 — —n
G+ <G+D" <G+t
H+D)""GH+) T <E+) < E+D)(5+1)
Caencreue v — 0= 1 — 0o = llr%( + o) =e
r—

Caencreue 1: lim 20+ — 1

x—0 .
Hokazaresberso: lim In(1 + x): = Ilne =1

x—0

CaencrBue 2: lim 1 =1

z—0 7 .
,ZLOKa3aTeJILCTBo. Bamena t = e* — 1 — = = In(1 +t) — lin%% =

T—r

1”% ln(1+t) 1
CaencrBue 3: lim &— = [na

z=0 ’ zlna

= lim —Lina = Ina
x—>0 x z—0 Lna

CaeacrBue 4: lim & =«

x—0
JToka3aTeabCTBO: h el 1 In(42) o, — o

50 odn(l+x) ) x

11 Tabanna skBuBaJIeHTHBIX OMd@ B Touke X = 0
® Sinx ~ X
o tgx ~ X

® arcsinx ~ X

arctgx ~ x

In(14x) ~ x



2
o | - cosx ~ %

e 0¥ — 1 ~ xlna

T
L] logaa: ~ Tna

et —1~Xx

e (1+x)"—1~mx

12 beckoneuHble mpeeiibl y — 00

lim f(z) =c0o& VM >0 I6(M)>0: Vr: O0<|z—al|<io =|f(x)]>M

Tr—a

lim f(z) =400 VM >0 FI(M)>0: Vr: 0<|z—al<d = f(x)>M

Tr—a

1i£>nf(x):—oo(:)VM>0 (M) >0: Vr: O0<lz—al<d = f(x)<

-M

13 DBeckoneuyno 6oJibine PyHKINN

lim f(z) =co=VM >0 Fi(e) >0: O0<|z—al<di=|f(x)|>M

Tr—a

13.1 Teopema o cBsi3u 66 u 6M PyHKIUIA
F(x) - 66 pu x — a, 10 a(x) :ﬁ—@wnpmx—)a

Joka3aresibCcTBO:
[Iycrs a(x) - 6M mpu x — a. CiieroBaTesbHO,

Hiigéa(a:)zoiv$>0 16(e) >0: Ve, 0<|r—al <d=|a(r) <e=
|$]>§:>

(oGosnamm 1 = M)

VM >0 3dd(e) >0 : Vaz,0<]x—a|<(5:>\F(a:)|>M:>Elal:i£>r61lF(a:):
oo = F(x) - 66

14 CsBoiictBa 6M, 60 1 orpaHMmYeHHbIX (DYHKITAIA

e [Ipoussejenue OM GpyHKIMU Ha OIPAHUYIEHHYIO €CTh OM
e [IpousBenenue 0.6. GyHKIMN HA OTPAHUYEHHYIO €CTh 0.0.

e CymMma orpaHmdeHHoro gucia 0.6. pyHKIN 0JHOTO 3HaKa €CTh 0.0.;



e [Ipoussenenue 0.6. Ha 0.6. ectb 0.0.;

e [Ipoussenenue 6.M. Ha 6.M. ecTb 0.M.

15 CpaBHenne 6ecCKOHEYHO MaJIbIX (PYyHKIIMi

[Iycts a(x) n B(x) - 1Be OM dyuxmmu npu X — a, e Ilim a(z) =0 Flim f(z) =
T—a T—a
0 (@)

CpapauM 511 DYHKINN, pacCMOTPeB lim alw) _
z—a B)

1°. Ecym npesen (1) pasen mymo, To ox) sBasgerca 6M dbyHKImei 60/1ee BEICOKOTO
nopika, deM [3(x)

2. Ecomn pegen (1) pasen 6eckoneunoctu, To 3(x) ssjsercs 6m dbynkimeii 6osee
BBICOKOT'O MOPSIKA, 9eM (X )

3. Ecim npened (1) pasen nocroauuoii, ormanoit or 0 u 1, To dynknum a(x) u
B(X) ABIAIOTCS OM OJHOTO MOpsijiKa [IPU X — a.

4% Ecom npenen (1) pasen 1, To a(x) n B(X) ABIAIOTCS SKBUBAJICHTHHIMU 0.M.
DYHKIUAME TP X — &, YTO CUMBOJIMYECKHI 3aIIChIBAIOT:

alz) ~ B(x), = —a

5° Ecam 3 mososkuTeIbHOE YHCIO M, TaKoe 4To lim % =k # 0,00, T0 a(x)
Tr—a

ecTb OM (DYHKIIHS TTOPsIJIKA M 110 CpaBHEeHuto ¢ S(X) mpu X — a.

6° Ecam upesen (1) ne cymecrsyer, To 6.M. (DyHKINN He CPABHUBAIOTCS

16 CpaBuenune 606 pyHKIMIIA

[Tycts u(x) n v(x) - aBe 66 dynkmun npn X — a, te 3limu(x) = oo; lim =
T—a T—a

o (2)

CpaHuM 5T QYHKINN:

19 Ecoiu nipeient (2) pasen 6ecKoHeuHOCTH, TO 1(X) IPH X — UMeeT 6oJ1ee BhICOKMI
MOPSIJIOK POCTa, d4eM v(X).

29 Ecin nipejiedt (2) pasen Hysto, To GoJiee BLICOKHIT TIOPsIIOK pocTa UMeeT (byHK-
st v(x)

3% Eci npegien (2) pasen nocrosguuoii, ormynoii or 0 u 1, To u(x) u v(x) ojHoro
MPsiIKA POCTA TIPH X — a.

4% Ecrm npepen (2) paser 1, To u(x) 1 v(X) - 9KBHBAJICHTEI
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17 Cumsboabl: o u O

19 TIycrs a(x) n B(x) - 6M ipu x — a. Eciu ai(x) - 6M GoJtee BBICOKOTO TIOPsiJIKa,
TO €CTh

lim % = 0, TO 9TO MOXKHO 3aIcaTh Kak a(x) = o(f(x)).
Tr—a

M dbyukuusi g HasbiBaeTcs: 6ECKOHEYHO MaJIol 10 cpaBHeHuto ¢ (yHkiueii f
npn X — a (3ammcniBaercs g = o(f) mpu x — a), ecan g(x) = e(x)f(x), x € U°(a),

npudeM lime(z) =0
Tr—a

CBoiicTBa 3TOT0 CHMBOJIA:
L. o(B(x)) £ o(B(x)) = o(B(x))
2. 7(z) = 0(B(x)) = o(B(x)) + 0(~(x)) = o(B(x))
3. a(x), B(x) - oM npu x = a = a(z) - f(x) = o(a(z)) n a(z) - f(x) = o(B(x))
20 TTycrs f(x) n g(x) onpenenenst U(a) Ecin Vo Ef(é ga) oTHOIIeHNe TuX BYHKINIT
(

ecTb pyHKIMA orpanndentas, Te IM > 0, 4ro |g—x)\ < M, TO 3TO 3alUCHIBAIOT:

f(x) = O(g(x)) OueBumno, uro u3 zanucu a(x) = o(f(x)) = a(x) = O(B(x)),

OJIHAKO 0OPATHOE HEBEPHO

18 HenpepbiBHOCTh (PYHKIINN U TOYKHN Pa3pbiBa

18.1 Omnpeaenenune pyHKINA, HEIIPEPLIBHOII B TOUKe
[Iycrs f(x), onpenenena B Hekoropoit okpectroctn U(xzg, §) 1 B camoil ToUKe X
Onpeaeiienue 1:
Dynukius f(x) HA3BIBAETCS HEIPEPBIBHON B TOUKE X(), €CJIH:

1. Ona ompejiesiena B ToUKe X, U cytiecTByer f(z)

2. Cymecrsyer lim f(x)
T—Io

3. lim f(z) = f(zo)

T—X0

Onpenesenne 2:

Oynkrust f(x), onpenenennas B U(zg, ), HA3bIBACTCS HENPEPBIBHON B TOUKE Xy,

eciu Ve >0 30(e): Vr, |rz—xol <d=|f(x)— f(zo)] <e

U3 omnpejesaust HelIpepbIBHON (DYHKINKM B TOYKE CJIEJyeT yTBep:KeJeHue:
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[Ipesen mempepbIBHON (GYHKIMN paBeH (DYHKINE OT npejesa, Tk lim f(x) =
T—TQ
f(xo) = f(lim z)
T—X0

T.e 3HAK IIpejiesia U 3HAK (PYHKIIUU MOYKHO MEHSATH MeCTaMH B CJIydae, KOrja
dyHKIMS HEerpepbIBHA.

[IycTb TOuKa xg npunaiexxkut O3 GyKiunm BMecTe ¢ HEKTOPOil OKPECTHOCTHIO,
te U(xg, d) € O3. llpunaanm zy npuparienne jirodoro 3uaxa (Ax). Torga dbyHK-
Ust, TPUHUMAIOIIAsT B TOUKe Xo 3aHdeHue {(zg), ToxKe MOJyIUT HEKOTOPOE MpPU-
paleHmne:

Ay = f(xo+ Ax) — f(xg)
[To onpenenenuto 1, GpyHKINST HEIPEPBIBHA B TOYKE Xy, €CJIN:

lim f(r) = f(w0) & Jim Fw+Ac) = f(zo) & Jim [f(ro+ Ax) — f(ro)] =
0 & Alim Ay =0

x—0
Tax, Mbl IpUILIKA K 3 opejie/ieHno (DYHKINN, HEIIPEPBhIBHOI B TOUKE, ¢ IIOMOIILIO
IpUPAIEHUS:

Onpeneiienue 3:

Dynukius f(X) HerpepbiBHA B TOUKE X(, €CJIN OHA OIpeJie/ieHa B 9TOI TOUYKe U B ee
OKPECTHOCTH, U Hpejes IpupalieHns (OyHKIME PABeH HYJII0, KOT/Ia IIpUpaIleHie
aprymera CTePMUTCS K HYJIIO, Te DECKOHEIHO MaJjoMy MPUPAIIEHIIO apryMeHTa
oTBevYaeT DECKOHETHO MaJioe Ipupallenne HenpbiBHOM dyHKImmm: Ax - OM = Ay

- OM

18.2 CsBoiicTBa HenpepbIBHLIX (DYHKITIIA
Teopema 1

DieMeHTapHble (DYHKIME HEIPEPBIBHBI B JII000I TOUKe cBoeil obsiacTu orpe/iesie-
HIUST

Jloka3aTeabCTBO:

Dukcupyem IPOU3BOJILHYIO TOUKY T, IPUIAJANM €My Hpupalienne Ax, Torjaa;
Ay = sin(zyAx) — sinxg = 2sin&Ecos(zg + 4L)

Torma: lim Ay =2 lim sin&Zcos(xo + %) = 0, Te B cuJ1y OlpejeIeHns 3, y =

) Az—0 Az—0 2 ]
sinx HepIepbIBHA B X(. B cujy nmponsBo/ibHOrO BLIOOPa X, Y = SiNX HellpepbiBHA

Ha BCEl YUCJIOBOI OCH.

Teopema 2
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CymMMma, pa3HOCTh, IPOU3BEJICHIE, OTHOIIEHIE JIBYX HEIPEPHIBHBIX (PYHKIINN €CTh
¢yHKINS HerpepbIBHAS

rZ[OKa.Ba.Te.TH)CTBOZ

BrITekaeT n3 cOOTBETCTBYIONIIX TeOpeM O mpejiesiax. Tak, Hanpumep, ecyn fi(x) u
fo(x) HenpebIBHBI B TOUKe X, TO GyHKIuA g(x) = f1(x)- fo(x) Oyaer HenmpepbiBHA
B T, TK

lim = lim [f(z) - fo)] = lim fi(2) - lim fo(2) = fi(zo) - f2(w0) = g(0)

T—To T—X0
Teopema 3 (IPUHIUI CyHePHO3UIIN QYHKIIHIT)
Ecmu dynknus ¢ = ¢(x) HenpepbiBHa B TOUKe o 1 ¢(T) = ¢p, a byakims F(@)

HernpepbiBia B ¢, To f(x) = F(¢(x)) HenpepniBHa B TOUKe X, T€ HENPepPbIBHAs
byHKINA 0T HenpepbIBHOM (DYHKINN €CTh QYHKIS HEIPEPHIBHASL.

Jloka3aTejbCTBO:
Pacemorpum lim f(x) = lim F(¢(x))
T—Xg T—X0

Taxk Kak 3HaKN HEIPEPHIBHON (DYHKIINN U €€ IIpejiesia MOYKHO ITOMEHSITh MeCTaMu,
TO MOJYYUM:

lim f(z) = lim F(¢(x)) = F(lim ¢(z)) = F(¢o) = f(z0)

T—T0 T—X0 T—X0

Omnpenesienne: Oyuxiyst {(X) HA3bIBaeTCsI HEIIPEPBIBHON Ha uHTepeBasie (a, b),
ecJIi OHa HelpepbiBHA B JTI0O0I TOUKE 9TOr0 MHTEpPBaJIA.

Omnpenenenne: Oyuknns y = f(x) HenpepwiBHa Ha oTpeske [a;b|, ecin oHa Herpe-
PBIBHA BO BCEX BHYTPEHHMX TOUYKAX 9TOIO OTPE3Ka, a Ha IPAHUIAX OTPE3Ka, BbI-
nostasiercst yeaosue: 3 lim f(z) = f(x) u 3 lim f(x) = f(b)

r—a+ r—b—

Teopema (06 obpallieHUN HENPEPBIBHON Ha OTpe3Ke (byHKIUN B HYJIb)

Ecmu dyukiust y = f(x) HenpepbiBHa Ha |a;b| 1 Ha KOHIIAX OTpe3Ka MPUHUMAET
sHueHnst pasubix 3HakoB (f(a) - f(b) < 0), To Hafimercsa xoTst ObI OJIHA TOUKA C €
la;b| rakast, aro f(c¢) = 0, Te HenpepbiBHAs (DYHKINS HE MOKET CMEHUTH 3HAK, HE
PO aa Yepes3 HYJIb

Teopema (0 TPOMEXKYTOYHOM 3aHYEHNN HEIIPEPBIBHOIT Ha oTpe3Ke dyHK-
11N )

Eciu dyukius y = f(x) nenpepbiBHa Ha [a;b| 1 0b1acTh u3Menenns (byHKIUN €CTh
HekoTopbiit orpe3ok [A;B| ocu Oy, To ms sroboro C € [A;B] cymecrByer xors
OBl 0/1HO ¢ € [a;b| Takoe, uro f(c) = C, re HenpepbiBHAST (DYHKIHSI JOJZKHA PO
T Yepe3 BCe CBOM 3HAUYEHUsl, 3aII0JHUB CILIONIb IIPOMEXKYTOK CBOEI0 M3MEHEHMs

|A;B]
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Teopema 006 orpanndeHHOCTH (PYHKIINU HENPEPBIBHOI HA OTPE3Ke

Ecmu dyukius y = f(x) venpepbiBHa Ha |a,b|, To oHa orpannvena Ha 3TOM 0Tpe3-

ke, e IM > 0:Vx € [a;b] = |f(z)| < M
JlokazaTeJibCTBO:

Vg € [a; 0] lim f(z) = f (o)

T—XQ

13 onpesiesienns 2 nMeeM:
Ve>0=|f(z) — f(xo)| <e& flzg) —e < f(z) < f(xg) + ¢
M =maxf(xg) +¢; f(vg) —e = -M< f(x) <M < |f(x)| < M

Teopema (0 HambOJIbIIIEM M HAMMEHBIIIEM 3HAYEHUSX HEMPEPBIBHON Ha
oTpe3ke (pyHKIUN)

Ecmu dynkunsg y = f(x) menpepoiBHa Ha [a;b|, To x0Tst 6bI B 0jiHOIT TOYKe OHA
JIOCTUTAET CBOEro HAMOOJIBIIEro U XOTs Obl B OJHOI TOYKE - CBOEr0 HAaUMEHbIIIero
3HAYCHNS

O6Gosnadenus: m — min,, f(v); M = maz, f(z)

Ecmu dyukims y = f(x) onpeneniera B OKPECTHOCTH TOYKH X, HO YCTOBHST HEIPEe-
PBIBHOCTH B TOYKE Xy HAPYIIEHDLI, TO B 3TOI TOUKe (DYHKIINA UMEET Pa3pbiB

Ompenenenne: Touka a Ha3bIBACTCS TOUKOI pa3pbiBa MEPBOTO POJIA, €CJIN CYIIIe-
cTByIOT KoHeuHble npejiesibl: A = lim f(z) u B = lim f(x)
r—a— r—a+

1) ecim 3 lim f(z) = A # ocou 3 lim = B # 00, T0 B ToUKe Ty QyHKIHS
T—To+ T—To—
JleJ1aeT CKadoK

2) YcrpaHuMble TOUKE Pa3pbiBa
1 lim f(z) = lim f(z), HO B camoii TOUKe pa3pbiBa (bYHKIUs JHOO He OIpe-
T—To—

T—To+

nesena, oo, ecan n onpenenena, to lim f(x) = lim f(z) # f(zo). Taxkaa
T—X0 T—To—

QYHKIIST UMEeT YCTPaHNMEIO TOUYKY Pa3pbiBa; CKAYoK (DYHKIUN PABEH HYJIIO

J11s1 BocCTAHOBJIEHUST HEIIPEPBIBHOCTH JIOCTATOTHO JIMOO JIOONIPEJIE/IUTh (DYHKITUIO
B TOUKE X(, €CJIM OHa He ObLIa onpejesicHa, MO0 M3MEHUTh 3HadeHne PpyHKINNI B
9TOIl TOYKE.

Ecnn xoTs 661 0WH U3 OJJHOCTOPOHHUX ITPEJIEJIOB He CYIIECTBET WM PaBeH Oec-
KOHEYHOCTH, TO B 9TOI Touke y yHKIM 1 pa3pbiB II - ro poja.
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