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1 Ompenenuresn

1.1 IlepecranoBku

OupenesieHue: YopsioueHtas COBOKYIIHOCTD YHCET (v, (9, . . . , Oy, B KOTOPOI:
L.oye{l,2,....m}i=1,2,...,n;n<m
2.0 #Fojpuj #£i

Obosnauenme: o = (1,2, ..., q,) - IEPECTAHOBKA U3 YUCET O, A2, . .., Oy

Omnpenestenne: B nepecranoske o = (o, . . ., 0y,) 1apa KOMIOHEHTOB (v, ¢rj) 00-
pasyioT nHBepCHio (T.e 6eCropsiioK), ec/in OOJIblliee U3 HUX MPEJIIeCTBYeT MEeHb-
memMy T.€ a; > @j, Ipu 1 < |

O6GozHaveHue: p(o) - IUCI0 UHBEPCUil B IEPECTAHOBKE O

Oupenestenne: [lepecranoBka o Ha3bIBAETCs YeTHOI (HewdeTHOI ), ecom p(o) - ger-
Hoe(HeueTHoe)

TeopeMa: Ecim B InepecraHoBKE ¢ IIOMEHATH MeCTaMM JIBa IIPOU3BOJILHBIX KOM-
IIOHE€HTa, TO €€ YETHOCTb U3MCHUTCA Ha IIPOTHUBOIIOJIOZKHOE

HokazarebecTBO: [ cayyati: Mensem mecmamu 066 pAOOM CMOAUUL KOMNO-
HeHMa

o= (01, ..0 Qkit, ..., 0p)
o= (a1, ... Qpi1, Qpy ooy Q)

[Tapa komionenTos (a;, a;), rue i u j ormuanst ot k u k+1, 06pa3osbiBaioT uin He
00pa30BLIBAIOT UHBEPCUIO B IIEPECTAHOBKE 0 U 0 OJHOBPEMEHHO

[Tapbr (o, agy1) 1 (Qgi1, ) B OJHON TE€peCTaHOBKe 0Opa3ylOT WHBEPCHUIO, a B
JIPYIOil - HeT = UX YETHOCTb Pa3JIndHa

I cayuadi: Iyemo meorcdy napve a; v a; pacnoaodicenvt k wucen

0 — (ala"'JQiaai—Fla"'7ai+/€7aj7"'7an>
»
0 = (1, O, Qi ey Qi Gy e e Ol)
HepeCTaHOBKa o’ IIOJIy49€HHad U3 0, II0CJIeJ0BaTEJIbHO MEHAA MECTaMU CJIEAYIO-

e 4ucia; a; MendeM Mectamu k-+1 pas ¢ unciaMu @jqg ..., Gk G, & 38TEM @
MeHsieM MecTaMi K pas3 ¢ 9ucjiaMu a; ik, . . ., Qi

[Ipu sTOM 4YeTHOCTH TIepecTaHOBKEN n3MeHuTcd 2k+1 pas



1.2 Omnpenenuren

Omnpejiesmresb - KBaJpaTHast Marpuna A = (a;;) Ha3bIBAETCS YHCIIO:

11 12 ...
Al = |1 aog ...| = Z (=1)P) % (10, * o, * g, (2.1)

o=(a,...,an)

(2.1) - cymma BCEBO3MOXKHBIX TIPOM3BEJICHNIT 9JIEMEHTOB MATPHIIBL, B3SITHIE TI0 OJ10-
My W3 KayKJIOf CTPOKM M KarKJIOT'O CTOJIONA MpUYeM STH MPOU3BEJICHUS OepyTCs
€O 3HAKOM (—1)p(">. CyMMupoBaHue OCYIIECTBJISIETCSI 110 BCEBO3MOYKHBIM IIepecTa-
HOBKaM 0 = (ay ... qp) w3 gucen 1, 2 ... n

A = (Oéll) ’A| — 11

11 09
Q1 (99

a11 09
|A\ = = (11022 — (120091
Q1 (99

1.3 CnoiicTBa onpeaeuTeieii

B
|A\ _ 311 19 _ 52
21 (99

1. OnpenesnTesib TPEyroJabHON MaTPUIILI PaBeH IPOU3BEIEHIIO IMaroHaIbHbIX
9JIEMEHTOB

2. Ecnm Bce seMenThl KaKoi-11mb0 CTPOKM MJIA CTOJIONA ONpeIe/IUTENs - HYJIH,
TO ONPEJIe/INTE/Ib PABEH HYJIIO.

3. Ompesenuresnb KBIPATHON MATPUIBI HE MEHSEMCsI [IPU €€ TPAHCIIOHNPOBa-
nun, T.e |[A| = |AT]
SamedaHme: U3 CBOHCTBA 3 = UTO CTPOKH U CTOJOIBI PABHO3HATHEI C TOU-
KI 3DEHUsT CBOJICTB OINPEJIEJINTEs = CBONCTBA ONPEJIENTENst I CTPOK,
CIIPABEJTUBLI U It CTOJIOIOB

4. Ecian B mMaTpuie IMOMEHSITb MecTaM#u 2 CTPOKH MM 2 CTOJIOIA, TO 3HAK ee
olpeJie/INTe s TIOMEHSIeTCs Ha TPOTUBOIIOJIOXKHbBII
Jloka3aTesibCTBO 1151 CTPOK:



[IycTb manbl MCXOIHBIN U TTpeoOpa30BaHHbI OIPEICTNTE !

d_ a;1 A2 ... QAip d,: Cle a/j2 CLjn

a1 Aj2 ... QAjp a;1 A2 ... QAip

Omnpejyenurens d’ nosgydaercs u3 onpejiennress d mepecTaHoOBKOM i-0ii b j-
off cTpoK (ToUKaMu 0003HAYEHBbI BCEe OCTaJbHBIE CTPOKH, KOTOpbie B d 1 d’
COBIIA/IAIOT)

Onpenemurens d ecTh ajnredpandeckas cymMMa n! mpouspegeHuil Buia;
(g = o K g, % =K Qg k- K g, (13)

['1e B KaxK10€ TPOM3BEIEHNE BXOIUT 110 OJIHOMY JIEMEHTY 13 KarK 10l CTPOKH
1 KaxKJI0To CTOJI0NA onpeaeanTess d, co 3HaKOM PaBHBIM 3HAKY ITOJICTaHOB-
KI:

I ... @« ... 7 ... n

¢ = b1 N Gi o D ... On

Tak Kak coMHOXKUTE N TpousBejierns (13) Takyke HAXOJSITCS MO OJHOMY B
KazKJIOM CTOJIOIE 1 KaxKI0i cTpoKe ompeiennTests d’, To KaxKi0e IPOn3Be/ie-
Hue omnpejennreist d xonuT B oupeaeantesns d’. OTcioga, Tak Kak KOJIUIIeCTBO
cinaraembix B d u d’ ognnakoBo, ciaeayer, uto d u d’ cocTosdT U3 OJHUX U TeX
’)Ke npoussejiennit, [l Toro, 4robbl mokasarh, uTo d = -d’, JIOCTATOYHO
MOKa3aTh, 9TO KazkJoe mpoussejenne (13) onpenenurernsax d u d’ umeer mpo-
TUBOIIOJIOJKHBIE 3HAKN. 3HaK mpousseenns (13) B onpemenntesne d’ paBeH
3HAKY [OJCTAHOBKH:

I A T O A ()
Y= G1 ... @ .. Di ... Oy

(yuauThIBAEM, UTO JIEMEHT Qjp, JIEKUT B onpejennterne d’ B j-0if CTpoKe B
¢i-OM CTOJIONE, JIEMEHT @jy, - B i-Oif CTPOKE U B ¢j-OM crosibrie). Y moji-
CTAHOBOK ¢ U 1) COBIIQJIaI0T BTOPbIE CTPOKH, a IIepBasl CTPOKA IIOJACTAHOBKH
Y Tlosyduena u3 1epBoil CTPOKU IOJCTAHOBKU ¢ TPAHCIIO3UIIMEH 3JIEMEHTOB
i u j. ITosToMy 1OJCTAHOBKK ¢ U ) UMEIOT HPOTUBOIOJIOXKHYIO YeTHOCTH U
snak Otcioia obpazom mpousseserue (13) Bxoaur B onpegerurenn d u d’ ¢
IIPOTUBOITOJIOKHBIM 3HaKOM. TakuM obpazoM ompegeutesin d u d’ cyMMbI
OJIHIX U TeX »Ke IPOU3BEJIeHNIT, HO C IIPOTUBOIOJJIOXKHBIMU 3HAKAMUI

. Oupenenuresib MaTPIbl, UMEIOIIUI 2 OIMHAKOBBIE CTPOKHU UJIN 2 OJMHAKOBBIX
CTOJIOIA PaBEH HYJIIO



HokaszarenbctBo: [lycts 3ajan onpenennrens |A| ¢ 2 0IMHAKOBBIMU CTPO-
kamu. IIycTh aToT onpegennTens pasen X. [JoMensieM MecTaMu 3TH 2 0J0MHA-
KOBBbIE CTPOKHN U TtoJiyanM ornpeenntesb |Bl. Cormacho 4 coiicty |B|=-x
Ho Tk MbI HOMEHsIJIM JiBe OJIH CTPOKH B ompejesuTesie |Al, To onpeenuresb
we mamenntcsd Al = Bl = x=x=2x=0=x=0

6. [Ipu yMHOXKEHUHU CTPOKU UJIN CTOJIONA MAaTPUITLI HA YUCJIO, €€ OIPEJICINTE/Th
YMHOXKaeTCsI Ha 9TO UUCJIO. DTO SABJISIETCSI CJIEJCTBUEM OIIPe/Ie/IeHIs OlIpe/ie-
JINTEJIST: TK KaxKJl0e cjlaraeMoe CyMMBbl BXOJIUT 1 pa3 U ero MOXKHO BBIHECTHU
3a CKOOKH

7. OnpejieiuTe/b ¢ MPOMOPIUOHAIBHBIMUA CTPOKAME UJIN CTOJIOIIAMU PaBEH HY-
JIIO

8. Ecim kaxkiplit 9/1eMeHT HEKOTOPOI CTPOKH UJIN CTOJIONA OIIPEIeINTE s IIPEI-
CTaBUThb B BUJE CYMMBbI JIBYX CJlaraeMbIX, TO OIIpeJleJInTe b MOXKHO IIpeJicTa-
BUTH B BUJIE CYMMBI 2-X ollpejie/inTenei

ﬂOKaBaTeﬂbCTBOZ
ail a2 NN Q1n ailr aig ... Qip a;r aig ... Qip
|A‘: bi+c by+co ... b,+c,|=|b1 by ... b+l ¢ ... ¢,
an1 (077%)) RN Apn, ap1 Ap2 ... Qpp ap1 Ap2 ... Qpp

|A‘ = %( ) CL1¢1 <. X ai@. koooee 3k an¢ qu( ) CL1¢1 < X (b¢ +

Cd))**an¢n:Z(_1)p(¢)al¢1**bfb**anqbn -+ Z(_l)p(¢)a1¢l*
¢ ¢
'*CQS*"'*anan
9. Ecomm OJIHOI1 CTpOKG(CTOH6Hy> olpege/mTesisd HpI/I6aBI/ITb APYI'yIo CTpPO-
Ky<CTOH6eL[), YMHO2KEHHYIO Ha J11000€ qucJ10, TO OolipeJe/nTe /b He USMEHUTCA

ﬂOKa3aTeﬂbCTBO:
bl bl bl bl bl
bil | b | _ |b bi | _ |bi| _
AT= 10, = Loy + k| = (o] T [kt = || = 1A

2 Metoabl BbIYUCIEHNUS OIIpeaenTeiei

1. ITpuBenenne K TpeyroabHOMY BUITY

2. llonmxkenne nmopsgka



3 Munopsl u Ajnredbpandeckue JONOJTHEHUS

Teopema 00 omnpejieuTesie ¢ HYJEBBIM YTJIOM

( a1l a1k 0 0 \
ap gk 0 0
D=1 " . b b | = 1A+ 1Bl
k+11 -+ Ck+1k 011 ... Oy
... ¢ ... ... B ..
\Ck+l,1 ¢ I/ R bu)
JlokazaTe/bCTBO:
|D| = Z (—l)p(”)ali*---*akik *bljl *"'*bljl

U:(il,...,ik,k+j1,...,k+ji)

Bl = S (1P an s S (<D sby, = 3 (<10

01=(i1,..,ik) 09=(J1,---,J1) 0102
A1j, % =0 % Qg * D1j % -2 % Dy,
ip<k=1,<k+j, Vp=1,...kq=1,...,1 = mobble napbl KOMIIOHCHTOB
Buja (iy, k + j,) nnBepcuit He obpasyior = p(o) = p(o1) + p(o2) = |D| = |A| *
IB|

Onpenenenne: Munopom M;; HasbiBaeTcs olpelesInTellb, I10JIy YeHHbI 13 olIpe-
nesmresist |A| npu BeIYEpKUBAHUY i-TOI CTPOKU U j-TO CTOJIONA

[Ipuwmep:

1
—1
3

Al =

21
e

73

N O N
O O W

Onpenesienne: A;; - anrebpandeckoe JIONOTHEHIE SJIEMEHTA @
. _ i+j
Omnpenesterne: A;; = (—1)"7 x M;;

Teopema Ecin Bce smements k-ro crosibra(crpoku) onpegenmress D, Kpowme,
OLITH MOKET, OJHOI0,d;, PABHLI HYJIIO, TO OIPEAEIUTe/b D paBeH npou3BeIeHnIo
;) Ha aaredpandeckoe JOIOJHEHNE 3TOr0 3JIeMEeHTA!

D = aikAik

HokazaTeabcTBO: PaccMoTprM cHavasa 9acTHBIN cIydail, Koraa B OlpeaenTe-
Je D Bce ajieMeHThI TIepBOro CcTosbIa, KpoMe @11, paBHBI HYJIIO:

air a2 ... Qaip
D — 0 as ... Qop
0 an2 Ann



B kaxkuprit wiaen ompejenntesiss D BXOAUT B TOYHOCTH 110 OJHOMY 3JIEMEHTY W3
IIEPBOI'O CTOJIONA; HO TaK KaK BCEe 9TH JIEMEHTbI, OTJIMIHbIE OT (11, PABHbBI HYJIIO,
TO B oupejeanrese D Bce Te WieHbI, B KOTOPbIE U3 IIEPBOIO CTOJIOIA BXOIUT HE
a11, & Kakoit-ymbo npyroit asemenT, paBHbl HyJ10.CiegoBaTesbHO,

D= Z (—1)p(¢)a11ai22 e ainn
o=1,ia,...,ip)

1€ UHJIEKCHI 49, . . . , i, IPUHUMAIOT 3Ha4denns 2,3,. .. n. MHOKUTeNb a1] SBJISETCS
OOLIUM JIJISI BCEX CJIATae€MbIX, II03TOMY €0 MOYKHO BBIHECTH 3a 3HaK cyMMbl. C
JIPYTOil CTOPOHBI, TaK KaK eJIMHUIA, CTOSAIAs Ha IIEPBOM MecTe, He oOpasyer Hu
onHoit maBepcuu, 10 (1,49, ... ,4,) = (i2,...,10,), ¥ 3HAYNAT,

D —= a’ll Z (—1)p(¢)a122 e ainn
¢="(i2y...rin)

IJle CyMMUPOBaHUE PACIIPOCTPAHSAETCS Ha BCEBO3MOXKHbBIE TIEPECTAHOBKM 19, . . . , iy
qucest 2,3, ..., n. A TK cymma

Z (—1)p(¢)ai22 N ainn
O=(i2,...,in)

paBHa orpeieuTe o (n — 1)-ro mopsijKa, mojrydatoneMycs u3 D BblaepKuBaHueM
11epBOii CTPOKU 1 MepBoro crobia, T. e. pasua My, u Ay = (=1)M 1My = My,
TO D = CL11M11 = 0,111411

Paccmorpum Tenepnb obmmil cydail, Korjaa Bce 3JieMeHThl K-To cToJsI0na orpejie-
qutens D, KpoMme a;; paBHBI HYJIO,T, €, KOTJIa OIPeJIe/TNTe/ b NMeeT BHU]T

ai;n aig ... 0 ... A1p

21 A929 ... 0 ... Qon
D=

a;1 Qi ... Qi ... Qip

Anl Gp2 ... 0 .. appn

[TepemecTum i-10 cTpoKy ompejenuress D Ha mepBoe MeCTO, HMOC/IeI0BATEIHLHO
MeHsig ee Mectamu ¢ (i-1)-it,(i-2)-if, u T. 1., HAKOHeI, ¢ TepBoil cTpokoit. Ha sro
norpedyercs i-1 TpaHCIIO3UIUN CTPOK, P KayKJI0H U3 KOTOPBIX OIPEIe/INTE/Ib
yMHOXKaeTcs Ha -1. 3arem nepemectuMm k-it crosibery onpeenurens D Ha nepsoe
MeCTO, MocIeioBaTe/bHo MeHsisg ero Mectamu ¢ (k-1)-m, (k-2)-m,u T. j1., HaKOHeII,
¢ nepBbIM cToJionom. g sroro norpedyercs k-1 Tpancnosunmit ¢Tos01MOB, pu
KayKJI0i1 13 KOTOPBIX OINpeJIeTUTeIb TOKe YMHOXKaeTcd Ha -1. B Koneanom cuete



MbI IIOJIYHIUM OIIpedC/INTEIIb

Ak Qi1 ... Qip

0 a; ... Qi
D, = "
0 ap ... Gun

oTmyaromuiicst ot onpeesuresnsa D Tosbko snakom (—1)7 1tk (—=1)F 1 = (—1)FF,

Ho, kak MBI TOKazaIm,onpeaennTes D paBeH IPpOU3BEEHNIO 4y Ha onpeaeauTeth(—1)-
ro MopsijiKa, ToJlydaiornuiicst u3 Di BbIMEPKUBAHUEM TIEPBOrO CTOJONA 1 IepBoil
CTPOKH, UJIA, UTO TO K€ CaMoe, oy Jatoruiicst n3 D Boraepkusanuem k-ro ctost-

1a 1 - CTPoKH, T, €,

Dy = aj My,

1, CJeJI0OBATEJIBHO,

D = (—1)""*Dy = (=1)""a; My, = agAu

Teopema (0 paszIoKeHUN ONPEJIEJIUTEIs [0 CTPOKE U CTOJIOIY): OIPEIeUTEb
paBeH CyMMe [POU3BEIeHNUIT 9JIeMEeHTOB KAKOH-JIn00 ero cTpoku (cTosibia) Ha ux
aJireOpanydecKue JI0I0/IHEHHSI:

n
(31) |A’ = a; * Aﬂ + a;o * Az'? 4+ 4 ainAin = Z Qij * Aij
j=1

(3.2) |A] = arj * Avj + agj * Agj + -+ + anj x Apj = Zlaij

(3.1) - passiokeHne ONpeeUTeNs M0 CTPOKE
(3.2) - passiokeHne ONpeJIeJIUTesd 110 CTOJIOIY

JlokazaTeJibCcTBO:

st oKazaTebcTBa 3aMETUM IIPEXKJie BCEIro,9TO e€CJIM JIBa OIPEeIeJINTeIsT OTII-
Fal0TCs JIPYT OT JPyra TOJBKO 9JIEMEHTaMU OJIHOTO CTOJIONA (CTPOKI), TO ajrebpa-
MYeCKUe JIOTOJIHEHHsT 9JIEMEHTOB 9THX CTOJIONOB (CTPOK)B OOOMX OMpPEIeTUTEeIsIX
OJIMHaKOBbI, TaK KaK IIPp1 BBIYUCJICHUN 3TUX ILOHOJ’[HGHI/Iﬁ CTOH6HbI (CTpOKI/I), KO-
TOPBIMU OTJINYAIOTCSI OLIPEIEJINTE/IN, BHIUEPKIBAIOTCSI.

JlokazkeM Terephb I onpeienTesd D cripaBeJInBOCTh, HAIIPUMED, Pa3/I0KEHUS
1o k-my crosibmy. st 9Toro npejicraBuM ero B CJeayIoIieM BU/e:

a1 aip ... &1k‘|‘0—|—+0 N AT
D:agl asy ... O+a2k++0 ..o Qop
apl Ap2 ... O+0+---4an ... apy



(311€CH KazKIblii 971eMeHT K-ro cTosibIa Mpe/IcTaB/IeH B BUJIE CYMMBI I CIaraeMblX,
n-1 U3 KOTOPBIX PABHBI HYJIIO).

D=Di+Dy+---+D,

rae
ar ... Qi ... Qip
D1 _ a921 0 ... Qon
Qn1 0 Qnn,
ail ... 0o ... QA1n ail ... 0 N AT
D2:a21 N 4 72 AN a2n7 Dn:a21 0 ... Qon
apm .- 0 .. apy Al +-- Gpg ... Qpp

Oupenenmurenb, 1)1 paBeH HPOU3BEIEHUIO dJIeMEHTa (1) Ha ero ajredpandecKoe
JIOIIOJIHEHKE B 9TOoM onpejenantese. OHAKO TaK KakK Oolpeie/nTe/ b [y Juiib K-M
CTOJIOIIOM OTJIMYAETCs OT oupejesnTesd D, To 3To ajaredbpandeckoe JOINOJJHEHIE
COBIIQJIAET C aJredpandecKnM JONoJIHeHneM Ay 3JIeMeHTa a1 B onpejeanresie D:

Dy = agpAogy, ..., Dy = appAnk
MpbI j1okazaan, 4To
D = a1 A + agipAog + - - + aniAnik

COOTBGTCTBYIOHLGG pPaB€HCTBO [AJId CTPOK JIETKO IIOJIYHa€TCsd IIEPEXoa0oM K TPaHC-
IIOHNPOBaAHHOMY OIIPEAC/INTEJIIO.

Teopema (O danbmmBoM paszjokenun omnpejenurens): CymMMa MpousBe/eHumil
9JIEMEHTOB KaKa-Jnb0 CTPOKH(CTOJIOIA) OIPEIe/INTE IS Ha airedpaniecKoe J0mo -
HEHUe K JIeMEeHTaM JPYroii ero crpoku(cTosbia) paBHa HyJTi0

Jloka3aTejabCTBO:

[IycTs man onpeaenTesnb

a a2 ... Qi3 ... A ... Qin
D= a1 A2 ... Q%; ... a9 ... Q92p
an1 Ap2 ... QAp; ... Qpk ... Qpp

Paccmorpum apyroit onpenennrenb, DD orimdaiomniicss or D juiib Tem, 9To B
k-M ero crosibiie OBTOPEH i-ii cTOJI0 el

a1 a2 ... aiy; ... Qi ... QAip

as1 A2 ... A2; ... QA2; ... Qa9
D1 _ 1 ] n

an1 Ap2 ... Qp; ... Qp;i ... QApp



Omnpejiesurenb Dy paBeH HYJII0, KaK OIPEICJIUTEb C JIBYMs OJIMHAKOBBIME CTOJIO-
namu. Pa3ioyKuB ero mo sjaeMenTaM K-to cToJidrna, moJryInm

Dy = ayiAvg + agiAog + - + ani Ak

rae Aj, — anrebpamdeckue JIONOJHEHHs 3JeMeHTOB K-ro cTosdna ompejesnTes
Dq; HO TaK Kax onpejeauresab DDy jumb k-M cTosbmoM orymyaercss or D, To oHn
OyIyT 1 ajaredpanvdecKuMU JIONOJTHEHIAMI 9JIEMEHTOB K-T0 ¢TOJI011a OIIpeIe/ TUTe s
D. Takum obpazom, npu Beex i u k # i

ari Ak + agi Ao + - - + aniApr =0

Amnajiornano, npu Beex i m k # i

aitAg1 + aipAge + - + ainAgp =0

Teopema: Onpejenuresb TPOU3BOIHBIX KBaJIPATHBIX MaTPHI] PaBeH IIPOU3BeIe-

HUIO UX onpejesnteneit |A x B| = |A| % | B|
JlokazaTe/bCTBO:
ai;r ... Qip 0 ce 0
A
pl oo Qpp 0 ... 0|
1 0 by ... byl AlIB
B
0 ... =1 by ... by
— |O6HynuM paBeIil HIKHUIIT yTO0/I]
b 0 [ eubi+awba+---+awmby ... anbi+ -+ ainbu,
] A e Ax B
_ H H H anlbll + an2b21 + -+ annbnl anlbln +oe annbnn
-1 ... 0 [ I [
I 0 [
0 ... =1 I I [

— [mepecTaBisieM MecTaMu CTOJIOIDBI| =

100 0
1] A |

00 D e cyraayvaen = aen
n

]

i
]
= (1) H
]
]

0o ... —1
10




4 Metoa MaT NHIYKIINU

[Iycts Tpebyercst JoKa3aTh, 9TO HEKOTOPOe yTBep:kjeHue A(n) 3aBUCHT OT Ha-
TypaJIbHOTO 1, BbInoJsiHsgeTcsa i Vi € N Ilycers BbinosiHsieTcs: ciejyroniue 2
YCJIOBUSL:

1. A(1) - BepnO
2. 3 yeaosus uro A(k) - Bepro ciemyer ncrunnocts yTB A(k+1)

Torma cornacuo npunruny MU yreepkienne A(n) BepHO [T BCEX HATYPAJIbHBIX
n
Teopema: onpeiesinTe/ b MATPHUILI HE MEHAECTCS IPU €€ TPaHCIIOHIPOBAHIT

HokazareabcTBo: Vcnoninzyem MM o nmopsaky marpuir:
1. ,HJIH n=1 A= (all) AT = (all) = ‘A| = |AT‘

2. Ilycts Teopema BepHa JIjIsI BeeX ompejienuTeseil mopsaka n. Jlokaxkem, 4To
JUIS olpeJieinTesieil mopsajaka n + 1 oHa Takzke BepHa.

Paccmorpum marpuiry A mopsiyika n -+ 1 u BelYuc/auM onpejeauress aist |Al u
47|

Paznoxum onpenenurens |A| mo 1-oii cTpoke:

|A| = a1 * My —aipx Mg + -+ - £ ap i1 My

Pasnoxum onpegesnrenns |AT| mo 1-omy crosiby:

|AT‘ = CLll*Mﬂ—alg*Mlg—i—' : -ia1,n+1*M17:n+1 = all*Mll—alg*Mu:i:' e
a1p+1 * Mipi1 = |A| T nopsgox M;; paBeH U O OIPe/ITEeHHIO Mg = M;; =
o MMMW Teopema Bepua Vn € N urn

5 Oobparnag marpumna. Popmyaa Kpamepa

Omnpenenenune: Ob6parHOit MaTpuIeil K KBaJIpaTHO MaTpuile A HabIBAETCST MaT-
puria A~L, yrosnersopsiomas yenopuio: Ax Al = Al x A= F

Teopema: ObOparnast MaTpuIa eIMHCTBEHHA,

HokazareabcTBo: [Ipenmnosokum, 4To CyIIECTBYIOT JIBE Pa3/IMdHble 0OpaTHbIE
maTpuilbl g MmaTpuibl A: B u C

A*B = B*¥A = E

A*C = C*A = E

= B = B*E = B¥(A*C) = (B*A)*C = EC=C =B =C

Onpegenenue: Marpuiia, UMeOIIYI0 00paTHYIO, HA3BLIBAETCA OOpPATUMON WJIN
HEBBIPOXK/IEHHOII. B 1IpoTHBHOM cilydae MaTpuiia Ha3bIBAeTCsI BIPOKIEHHOI

Teopema(kpurepuit obparmmvoctn): Marpuna A obparnma < |A| # 0
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Heobxoaumocts: Ecin A-obparnma, To |A| # 0
Hocrarounocrs: Ecin |A| # 0 — A-obparnma

Jloka3aTeibCcTBO:

1) HeobxomumocTs

[Iycts A - obpatnma = JA1: Ax A1 =F
Ax A7 = |A|x |A7| = |E|=1=|A4] #0

2) locraroanocTnb

ITycrn |A| # 0. Tlokaxkem, uto A™! = ﬁ « A, re

N All ce Anl
A= | Ap ...
A oo A

- IIpUCOCAMHHEeHAas MaTpulla K MaTpulle
air ...
A=
o . . ann

Marpunia A cocrout nuz ajredpamdeckux jomnosnHens st sjaemenToB A. [lo T o
Pa3/IOKEHUI OIPEJIETUTEIs 110 CTPOKE(CTOMOIY) 1 110 T. 0 (DasIbITIHBOM Pa3/IozKe-
HUW OIPEJICJUTEIIA UMeeM:

L Al 0 ... 0
AxA=AxA=| 0 |Al ... 0 | =|Al*xE
0 0 ... |4

:>A*|—il|*A:ﬁ*A*A:E

~

3naunT obpaTHas MATPHIIA CYIIECTBYeT, T.e MaTpuia A obparmvan A~! = ﬁ x A

- chopmyJia J1jIsT HAXOXKJIEHUN 00PATHO MaTpPHUIbI

6 CBoiicTBa 00OpaTHOII MaTPUIILI

1. E'=E

—1] _ 1
2. |47 =&
3. (A7) 1=4
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1 (AT = (AT
5. (AxB) "l =B"1x A1

HokazarenbcTBo 4): Vcnonbsyst omnpejieerne 06paTHON MATPUIIBL:

(AN AT = (Ax A Y =E"=F

HHokazarenabcTBo 5):
(B™1% A H*(AxB) = B~ 1% (A % (AxB)) = B~} ((A™'%A)*B) = B~ '%(E*B) =
B '«xB=F

7 Metoapl HaxX0XKAeHIsI 0OOpaTHOI MaTPUIILI

1. MeTo/1 nprucoe uHEHHOIT MaTPUIIbI
2. Metoj sieMeHTapHBIX Tpeodpa30BaAHMIT

Teopema: [IponsBosibHAs HEBBIPOXKICHHAST MATPHUIIA C ITOMOIIBIO 3JIeMEHTaPHBIX
1IpeodPa30BaHmil CTPOK IPUBOIUTCS K €JUHIIHON MaTpHIE.

Astropurm:

1. K marpune

. ar ... Qip ‘ 1 ... 0
D_<an1 cee Qpp | O L 1)

2. C moMoIpbio 3j1eMeHTapHbIX MTpeobpa3oBaHuil HaJl CTpOKAMU MATPHUIlbl D
HY2KHO IIPUBECTH MATpUIly A K eJIMHUIHOI:

1 ... 0 ’ b11 bln -1 _ bll bln
(0 U B bnn);‘A _<bn1 bm)
8 Penienne MmaTpuvyHbIX ypaBHEHUIi

Paccmorpum ypasnenne: A*X = B

1) YMHOXKeHHe TPaBYIO W JIEBYI0 YaCTH HA MATPHUILY A1l AxX = B &
AT« Ax X =A1'«Be EX=A1'«Be X=A1«B

) X+ A=Bo& X+AxA'=BxA 'l X=BxA"1
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9 ®opmyabl Kpamepa
Paccmorpum cucreMy JIMHERHBIX ypaBHEHUI:

alxry + ... + A pnLy — b1

A1 X1+ ... + appt, = by,

ar ... QAip
A=
Qn1 Ann
- Marpura cucremsl
L1
X =
Ln
- Marpuna-crosber; mepemMennbIx
b1
B=|..
bn

- Maruna-crosder; ¢cBOOOHBIX UJIEHOB
A*X = B cucrema B MATpUYHOM BHUJIE

HoxkazarebeTBo: Byjiem cuntarh, uro Marpuiia A — HEBBIPOXKIEHHASI, TO €CTh, €e
OllpejIeJInTe/Ib OTJIMYEH OT Hyssd. B 9TOoM ciydae cucrema JIMHEHHBIX ajaredpan-
YeCKUX ypaBHEHUT UMeeT eMHCTBEHHOE PelleHre, KOTOPOe MOXKEeT OBbITh HaiiIeHO
MeTojioM Kpamepa.

Metos Kpamepa ocHoBbIBaeTCs Ha JIBYX CBOWCTBAX OMPEJIETUTENST MATPUITHI:

1. OnpenesmTesnb KBaJIpaTHON MaTPHUIIBI PaBeH CYMMe IIPON3BE/IeHNIl dJIeMeH-
TOB KaKO#-mb0 cTpoKu (CTo/bIa) Ha nX ajaredpandecKue JOTMOTHEeHNs

2. CymMa mpou3BeIeHnil 9JIeMEHTOB KaKoii-11bo cTpoku (cTosibra) KBapat-
HOM MATPHIIL HA ajirebpariecKue JOMOTHEeHNST COOTBETCTBYOIINX 9JIEMEHTORB
JpyToit cTpoKH (CcToJIOIA) pABHA HYJIO

Wrak, mpucTynuM K HaXOXKIEHUIO HEM3BECTHOI nepeMeHHoit x1. st 9Toro ymuo-
KM 00e JacTh TIepBOr0 ypaBHEHHUsI cucTeMbl Ha Aqq, 00e JacTu BTOPOrO ypaB-
HeHmst — Ha Aoy, W Tak Jajee, ob6e 4acTw N-0oro ypapHeHust - Ha A, (TO ecTb,
yPaBHEHMS CUCTEMbl YMHOYKAEM Ha COOTBETCTBYIOIINE aJredpandecKue JIOmo/IHe-
HUsI [IEPBOTO CTOJIONA MaTpUILl A):
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(Anana + Anapss + ..+ Ajar, = Apb
) Agrasixy + As1agms + .. + Asjas,x, = Asby

\Anlanlxl + Anlan2x2 + ..+ Anlannxn = Anlbn

CJ102kuM Bce JieBble YacTU yPaBHEHUsI CUCTEMbI, CIPYIIIUPOBaB cjiaraeMble Mpu
HEU3BECTHLIX IMePEeMEeHHbIX T1, X2, ..., L, U HPUPABHAEM 3Ty CYMMY K CYMMe BCeX
[IPaBbIX JacTell ypaBHEKHIII:

r1(Anan + As1age + ... + Apian) + xo(Anars + As1age + ... + Apians) + ... +
zp(Anar, + Asjag, + ... + Apiann) = A11by + Agibs + ... + Ay,

Eciu obparuTbesd K 03ByUEHHBIM PaHee CBOWCTBAM OIPEICTUTENsI, TO PaBEHCTBO
[IPUMET BU/L:

b1 aio ... QAip

b2 aso ... A3y
I * |A‘ = "

bn Apo2 ... QApp

AHaJIOrnIHO HaXOMUM To. [lJIsT 5TOro yMHOXKaeM 00e JacTi YpaBHEHHIl CHCTeMBbI
Ha aJiredpamvdecKue JOMOTHEHISI BTOPOrO CTOJIONA MATPUIBl A.

Teopema: Cucrema JuHEHBIX ajrebpandeckux ypaBHEHUI ¢ KBaJPATHOI HEBBI-
POXKJIEHHOI MaTpuIleil nMeeT eIuHCTBEHHOE pellleHue.

ﬂOKaBaTeﬂbCTBOZ

Tk |A] #0 = JA™! = 2 = A7 %« B. Tk obparnas marpuna A~ equncreenna u
B - sajannast MaTpuia, TO pereHre eIHCTBeHHO

15



	Определители
	Перестановки
	Определители
	Свойства определителей

	Методы вычисления определителей
	Миноры и Алгебраические дополнения
	Метод мат индукции
	Обратная матрица. Формула Крамера
	Свойства обратной матрицы
	Методы нахождения обратной матрицы
	Решение матричных уравнений
	Формулы Крамера

