MarAnaJj

Sabpoaun lenuc AexcanpoBud

31 nexabpst 2022 1.

Conepxkanue
1 /lekapToBa npsAMOyroJibHass CUCTEMa KOOPAMHAT)| 2
2 lloaspnasi cucrema KoopamHAaT| 2
2.1  DopMyJibl IEPEXOJIal . . . . . . . ... 3
[2.2  YpaBHEHHE OKPYZKHOCTH| . . . . . v v v o v v e e e e 3
2.3 Cnumpasib APXUMEA| . . . . . . . . . . . . 4
2.4 Jlemnuckara bepuymaum . . .. ..o 00000000 4
2.0  CemeitctBo po3 I pammu| . . . . . . . . . ... 5)
2.6 Kapmmommal. . . . . . . . ... 6
2.7 ['mmepbonmyeckas ciupaJsib| . . . . . . . . . . . ... 6
2.8 Jlorapupmuyeckast ciupaJb| . . ... ... 7
3 uddepennimanbHoe mncumncjiaeHnne (pYHKINUI HECKOJIbKHX Hepe- |
[ MEeHHBIX 7
[3.1 MmnoxkecTBa B n-MepHOM IPOCTPAHCTBE| . . . . . . . . . . . . . . .. 7
(3.2 Ilongrue dyHKINM MHOIMX IEePEMEHHBIX| . . . . . . . . . . . . . .. 9
3.3 I'paduk pyHKIUN JIBYX IepEeMEHHBIX U ee JITHUKM YPOBHA| . . . . . . 9
(3.4 Ilpegenbr m HEPEPBLIBHOCTD| . . . . . . . . . . . . . . . . . .. ... 10
(3.5  JluddepeHunpyeMocTb (DYHKIMU MHOIUX [I€PEMEHHBIX| . . . . . . . 11
[3.6 HacTHble TPON3BOAHBIC BBICIINUX TMOPATKOB| . . . . . . . . . . . . .. 11
4 JlndpdepeHIMpyeMocTh (PYHKIMIA HECKOJbKNX ITepeMeHHbIX]| 12
4.1 JIludpdpepennnpoBanne CA0XKHBIX (OYHKIAN| . . . . . . . . . . . . .. 14
4.2  uddepeniimpoBanne (OYHKIMI, 33/ laHHbIX HESIBHO| . . . . . . . . . 14
4.3 KacareabHas IJIOCKOCTH I HOPMAaJb K IIOBEPXHOCTH| . . . . . . . . . 15
4.4  DkcrpemyM (ODYHKIMU HECKOJILKHUX IIePEeMeHHbBIX| . . . . . . . . . . . 15
> JlunddepeHimaabl BHICIITNX ITOPSAIKOB] 16
6 Hekoroprble cBeseHns 0 KBaApaTUIHBIX (POpMax]| 16




Cucrema KOOp/IMHAT - 00bEKT, TIO3BOJISIOININIT OIICHIBATH T€OMETPUIECKUIT 00 HEKT
aJiredpanvIecKiMI CPeJICTBaMI.

1 JlekapToBa ONpsgMOYIroJibHasd CCTeEMAa KOOPJIUHAT

O - Haga/I0 KOOPJAMHAT; 1, j, K - e IMHIIHbIe HAIIPABJ/ISIIONNE BEKTOPHI KOOPIMHAT-
HBIX OCeil(OpThI); JIpyroe 0bO3HAYEHNE €1, €3, €3

X - abcIucca, y - OpJinHaTa, Z - alll/InKaTa

OA - pamnyc-Bektop Touku A. [Ipyroe obosHavueHne KOOpAUMHAT T, Lo, T'3
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|

2 Iloaspuag cucrema KoopJauHAT

[TossipHast cucTeMa KOOPMHAT Ha IJIOCKOCTH ONpEJIesisercs 3ajanmeM Toukn O
(mostioc), syta Ox (mosistpHasi 0Cb) W €AMHIIHOTO 0Tpe3Ka. Kpome Toro, nomken
OBITH yKa3aH MoBopoT Jiyda OX, Ha3bIBaEMbIii OJIOKUTETbHBIM. [TycTh 910 Oy1er
IOBOPOT B HAIIPABJICHUN MPOTUB JIBIZKEHUS 1acoBoil crpesku. [loBoporsr Jyda,
COBEpIIaeMbIe B HATIPABJICHNH, IPOTHBOMOIOAKHOM IOJI0KUTEILHOMY, Oy/eM Ha-
3bIBATH OTPHUIATEIHHBIMI.

0<p<+o0, 0<¢<2m
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O - noJtoc
Ox - noJsisipHas 0Ch

¢ - TOJISIPHBII yToJI

2.1 ®@opmyJbl IIepexoaa

p= a2+

T = PCcoseo cosp =

Y = psing

ESENSIR SRS

sing =

B 11060it cucreMe KOOpuHAT yPABHEHHE, CBI3LIBAIOIIEE KOOPMHATDI, OIPE/IeIs-
I0T HEKOTOPYIO JIMHUIO Ha IJI0CKOCTU. PaceMOTpuM KpUBBIE, 3aJaHHbIC YPaBHeHU-
SIMI B TIOJISIPHBIX KOOPJUHATAX: P = p(¢)

2.2 YpaBHeHUE OKPY2KHOCTU

Hanbosiee mpocTbiM IPUMEPOM SIBJISIETCS YPaBHEHUE OKpYy»KHOCTH: p = R =
const & 12 +y? = R?

(pcosg)? + (psing)? = R*=p* =R>=p=R

JeficTBUTEIHLHO, OKPYKHOCTD SIBJISETCS T€OMETPUICCKIM MECTOM TOYEK, YIIaJIeH-
HbIx oT Toukn O Ha paccrogume R. Bce Takme TOUYKM yI0BJIETBOPSIOT PABEHCTBY
p = R. Ilpu sTomMm, ecimm yroJs ¢ yBeJIMIMBAETCsI, COOTBETCTBYIO- Iad TOYKa Ha
OKPY2KHOCTH JIBUKETCS B HAIIPABJICHUN ITPOTUB YaCOBOI CTPEJIKH, OIUChIBas KPYy-
ru. Ecim ke yros ¢ ymMeHbIIaeTcsi, COOTBETCTBYIOIIAsI TOUKA OINUCHIBAET KPYI'U B
HallpaBJEHUN 110 YaCOBOI CTPEJIKE.

P = 2c08¢

Tk p > 0, To obacTbio onpejiesenust GyHKIUN (@) ABISETCS O
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—m2 < ¢ < w2

P'(¢) = —2sine

P(@)=0&0¢=0

[Ipn —72 < ¢ < 0 dyukiws p(¢) pacrer ot 0 110 2;
[Ipu 0 < ¢ < 72 dbyukius p(¢p) yopiBaer or 2 70 0

B siekapToBBIX KOOp/IMHATAX YPaBHEHUE 9011 OKPY?KHOCTHU IIPUMET BUJL: P = 2C0SQ <

Vil =2 o e’ +y? =2 wm (¢ — 1)+ =1
Ty

2.3 Crmpaab Apxumena

p(¢) = agp, a > 0: D10 pacKpyUnBAIOIIAsICS CIUPAJb C MOCTOSTHHON CKOPOCTBHIO
pocta p(¢), T p'(¢) = o = const. ¢ - m06oit yroa ot 0 10 +00

r=ae
ylk

ZMN
Z

MonoxuTenbHan BeTeb OTpuuarenbHas BeTBb [Be setan

2.4 Jlemuuckara Bepuysim

Jlemuuckara ¢ dpokycamu I, Fy, ..., F), - KpuBasi Ha ILJIOCKOCTHU, 00J1a/1al01as TeM
CBOIICTBOM, 4TO JIJis1 V TOUKM 3TOI KPUBOil ITPOM3BEJICHNE PACCTOSTHUI J10 POKYCOB
— const

NemHuckatel ¢ asyma GoKycamu Ha3. osanamu Kaccunm.
Cpean HUX HaubONbLWIWMA MHTEPEC NPeACTaBAAeT
NemHuckata bepHynnm



Jlemuuckara Bepryiaim — 310 KpuBas, y KOTOPOI i KaxKJI0i TOYKU ITPOU3BE-
JleHne paccTosgHuil 1o (POKYCOB paBHO KBaJpaTy IMOJOBUHBI PACCTOAHUS MEXKLY
HUMU

F\ F:
R R = (22

B JlekapToBoii cucreMe KOOpJAMHAT ypaBHeHUE 4-i1 cTeneHn:
(2° +9%)* = da*(2* — y°)

B mossgipHBIX KOOpAMHATAX:

22 +y? =p?, pt = 2a%(pPcosip — p?sin’p) = p? = 2a*cos2¢

Oyuxnna p? = 2a%cos2¢ - nepnommdeckas, ¢ nepuogoM m OHa orpejiesieHa, ecin
cos2¢ > 0:

3T 5T
Hjﬁcbﬁz

<¢<

IR
N

B cuty nepuoinaHOoCTH U YeTHOCTH €€ rpaduK CUMMETPUYEH OTHOCUTEIBHO JTyUei
_ . _ T _ 37
¢*07¢*W7¢*§7¢*7

2pp’ = —2sin2¢; p' = \/% = sgn(p’) = sgn(sin2¢)

2.5 CewmeiictBo po3 I'panan
p = asink®,p = acosko
Oyuknus sinkg - orpaHnyeHHasd:

|sink¢| < 1 = p = asink¢ Takxke orpanndena 0 < p < a = Bed KpuBasi OyJIer
pacoJIaraThCsd BHYTPH KPyTa PaJnyca a.

B cuty nepuogmdHOCTH TPUTOHOMETPUIECKIX (DYHKINI po3a COCTOUT U3 OJUHA~
KOBBIX JIETIECTKOB, CUMMETPUYIHBIX OTHOCHUTETHLHO HAMOOJBINNX PAJINYyCOB, KarK-
JIBIT U3 KOTOPBIX paBeH a.



2.6 Kapaunonaa
p = a(l + cosp) wm p = a(l £ sing)

&

Ynutka Mackana

p =acosp +1

Puc. 9. Kapauonaa

2.7 TI'mnepbosmydeckasi CIUPAJIb

.«
P=3
Kpupasi cocrout m3 2-x BeTBell, CUMMETPUUIHBIX OTHOcUTebHO ocu Oy - ojiHa
BeTBb ToJiydaercsd npu ¢ > 0, Bropas - npu ¢ < 0. ['mnepbomdeckas crmpaJib
UMeeT aCUMIITOTY V = a M aCUMIITOTHYECKYIO TOUKY - [OJIIOC

e Mimem npsamyto y=kx+b.
Hh-“""n_ oY) L sing
h"‘//’/”' k_].]_I.E X _mcosga_o
s . . . .1
K . b=lim [y(x)—k(x)]l=lim p-sing=ljm —sinp=1=
\‘ Pa— Pl o 2
Jeie 2 acumrrroTta: y=1
"%ﬂ/j g =1

Pue. 53. ['unepSomueckas crupas.



2.8 Jlorapudmudeckass cnupaJib

r=a’umlog,r =¢ a >0

Xapaxmepucmuueckoe ceoticmgo: morapuMHTecKas CIHPaTb - 3TO KPHBaf,
Hepeceraromas Bee JIVUM, BBIXOMSINME M3 IoArca 1.0 1o HEKOTOPBIM
IIOCTOSHHEIM yTIoM ¢ - oM. Pue.50. Pagmyc-BekTopel mociegoBaTelIBHEIX
TOYMEK CIHPATH, HAXOAAIMXCA HA OJHOM H TOM JKe MOISPHOM IyiIe ¢,
00pa3yIOT TeOMETPHUCCKYIO IIPOrPECCHEO.

r=a®a>0.

\

Puc. 50. JlorapudMuteckas crHpats.

y
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3 uddbepennnanbaoe ncauncaenne pyHKINA HECKOIb-
KITX IIepeMeHHbIX

3.1 MHuoxKecTBa B n-MepHOM IIPOCTPAHCTBE

Onpenenenne: [IpoctpancrBoM R" Ha3bIBaeTCd MHOXKECTBO HADOPOB, COCTOSI-
IIX U3 N JIedCTBUTeNbHBIX dncest R" = (x1, ..., x,)|z; € Rji=1,...,n

r € R¥ (MHOKECTBY JEfICTBUTEIBHBIX THCENT; TUCTOBOM PSIMOii)
[Ipu n — 2 npocTpaHcTBO R? - 5TO MIOCKOCTE
[Ipu n = 3 npocrpancTBo R? - 5T0 TpexMepHOe POCTPAHCTBO

B muoxkecrse R™ BBejieM IMOHSITHE PACCTOSIHIE MEXKJIy JIBYMSI €0 3JIeMeHTaM’
r = (ZUl,ZUQ, 7'1:72) ny= <y17 Y2, ;yn)

Omnpenenenue: Paccrosgame Mexk 1ty 3/IeMeHTaMI X U Y, IPUHA/ICYKAITIMI MHO-
»kecTBy R, Ha3bIBaeTCH

Torga ana R, ouesummno: r(x,y) = [x-y]
Ina R?: r(xy) = \/(x1 — 1) + (x2 — y2)?
Tt R3: v(x,y) = /(@1 — v1)? + (22 — y2)? + (w3 — y3)?
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MuozkecTBo R" ¢ BBeJICHHBIMU B HEM PACCTOSHUEM HA3bIBAIOT ITpocTpaHcTBOM K.

1l - Pa3MEpPHOCTb ITOrO MPOCTPAHCTBA

dimR" =n

xr = (x1,T9, ..., T,) - TOUKA TTpocTpancTBa R”
z;(i=1,...,n) - i KOOpAUHATA TOIKU X
0(0, ..., 0) - Hauaso KoopauHar B R"

x(0,0, ..., 24, ...,0) - i KOOp/UHATHAST OCh

Pacemorpum muoxkectso E C R™. Ilycth Touka P npunajyiexxkut muoxkecTBy Ei:

P e E.

OnpenesieHne: € - OKPeCTHOCTb TOUKKN Fy € FE Ha3blBaeTcsd MHOXKECTBO TOUKE
P € E, orcrosiux or Py Ha paccrostaue 1(Fy, P), menbiiee, yem e: U(Fy, ) =

P:r(P,P)<e

[To ppyromy € - OKpeCcTHOCTH Ha3bIBAIOT N - MHEPHBIM IIIAPOM pajinyca € U C

IIEHTPOM B TOUKe F

Hampimvep,
wa R U(XC‘G}= {.\‘; |,T- _\-le.'. 8}

To-E LA TtE z

puc, 1.1, & - OKPECTHOCTh TOUKH Xg - MHTEPRAT

ma R U(F{,.e}= {F(.\',}‘):

W

Polxoi §o) /)

// / ,; ' f/, .
777l =
T\'if./ LS

puc. 1.2, £ - okpectaocTs Tousm Py - kpyr

s B U(}-},.e)= JlP{x._r,z). .J{x- .\-0}3+(_1'- _1'0)3— (z- zG)2 <e

iz

Y

X

puc. 1.3, £ - oEpecTHOCTE Towkn Py -
wap ¢ meaTpoM B Py

Touka Py HasbiBaeTcs BHYTpeHHel Toukoil MmuoxecrBa E, ecin U(Fy,¢) € E, Te
TouKa BXOJUT B E BMecTe ¢ HEKOTOpOil cBoeil OKPeCTHOCTBIO

MuozkecTBO, Kakjiagd TOUYKa KOTOPOTO SBJIAETCA €r0 BHYTPEeHHell TOUYKO, Ha3bl-

BaIOT OTKPBITHIM B " MHOXKECTBOM

|
|




Touka Fy Ha3bIBaeTCcs I'PaHMIHONI TOUKOI MHOXkecTBa [/ C R™, ecnu jobas ee
OKPECTHOCTDb COJECPKUT XOTs Obl OJIHY TOUKY, NPUHAJIEKAIILYI0 MHOXKeCTBY E 1
X0Ts1 Obl OJIHY TOYKY, He IIpHHa/IeKaIyo MHoxkecTBy E. MuoxkecTBo Beex rpa-
HUYIHBIX TOYEK MHO»KecTBa E HasbIBaloT rpanuieil 1 06o3HadaoT g win 0 F

MHuozkecTBa, cojiepKalllie CBOU I'PAHUIIbI, OyIeT Ha3bIBATbh 3aMKHYTLIMH, a He
COJEPZKAIINIO CBOU I'PAHUIIBLI - OTKPBHITHIMU

MuozxectBo EE C R", j1to0Oble 1Be TOYKN KOTOPOTO MOYKHO COEJIMHUTD HETIPEPLIBHOM
KPUBOIi, TpUHAJJIeZKAIell STOMY MHOKECTBY, Ha3bIBAIOT CBA3HBIM

MuozkectBo E C R™ HazbiBatoT 00J1acThlio B IpocTpancTBe R, ecsin E - oTKpbITOE
B R", cBSA3HOE MHOYKECTBO

Ecin E - obnacts, To FUIE = E - 3amkHyTas 00/1acTh, Ha3bIBaeMasl 3aMbIKaHIEeM

E

MmnozkecTBO Ha3bIBaeTCA OrpaHUYeHHbIM, €CJIU CYyIIEeCTBYET N - MEPHBIN 1m1ap, co-
JiepzKallinit 3T0 MHOZKECTBO.

3.2 Ilongarue byHKIIINM MHOTUX HEepPeMEHHBIX
Obs1acThb oIpe e IeHusI

Dyukiueit oT n nepeMeHHbx 2z = f(x1, ..., x,) HA3BIBAETCS 0TOOPAYKEHIE HEKOTO-
poit obstactu D C R" n-mepHOTro apudmMeTnieckoro IpocTpaHCcTBa B JIeHCTBUIb-
ayo npamyio R. Vo B Oojtee TpauiiioHHBIX TepMUHAX: (DYHKIUS OT N Iepe-

MEHHBIX - 9TO MPABUJIO, 110 KoTopomy Toukam M (z1, ..., x,) € D conoctaBisioTcsa
qucsa f(xy, ..., T,). MHOKecTBO D HazbBaeTcst 00JIaCTBIO OTpe e IeH st (DYHKITNI
f.

ObuacTbio orpe/ieienis GyHKINIT MOZKET CIYKUTh KaK 3aMKHYTast, TAaK U OTKPbI-
Tas 00JIaCTh, KaK KOHeUdHas (OrpaHiyuenHas), Tak 1 OeCKOHeTHas

3.3 TI'paduk dpyHkium AByX nepeMeHHBIX U ee JIMTHIU YPOB-
HA

['paduk dpyakIimn f - 3T0 MHOYKECTBO B TPEXMEPHOM IIPOCTPAHCTBE, COCTOSIIEE 13
rouke (z,y, f(z,y)) € R*|(z,y) € D

Jlunust yposust gyskiun f - 970 MHOKECTBO TOYEK (X,V) IIOCKOCTH, YJOBIETBO-
pstrorux ypasuenuio f(x,y) = ¢, rie ¢ - koncranTa. JInHNS ypoBHS SIBJISIETCST TIPO-
exipeil Ha mtockoctb XOY jmHun nepecedennst rpaduka z = f(x,y) ¢ ropuson-
TaJIbHOI IIJIOCKOCTBHIO Z — C



3.4 Ilpeneabl n HeNIPEePbLIBHOCTh

[Iycrs dyuknus z = f(x,y) = f(P) onpesenena B HeKOTOPOit OKPECTHOCTH TOUKH
Py 3a uckimouyenneM, ObITH MOXKET, caMoil Toukn B

Omnpepesienne: Yucio A nasbiBaercst npejenom gyuaknnu z = f(P) npu P — Py,
ecJi Ipu JII000M yTH crpemiiennsi P K Py BBITIOJIHSIETCS CJiejiylonee:

Ve >030(e) >0: VP, p(Py,P)<dé=|f(P)— Al <e

st pyHKIMIT HECKOJIBKUX IIEPEMEHHBIX CIIPABEIINBBI T€ 2Ke TeopeMbl 00 ajred-
parmdecKnx CBONCTBAX IPEJIEJIOB, YTO U JJist (DYHKIIMI OJHON IepeMeHHOIt

[Tycrs reneps dyuknust z = f(x, y) = {(P) onpenenena B HeKOTOPOit OKPECTHOCTH
Touku Fy u B camoil Touxke F

Omnpepenenne: Oyuxiust z = f(x,y) = f(P) wenpepbiBaa B Touke Py(xo,yo), ecian

cymectyer lim f(P) = f(FP)
P‘)PO

Brejiem nonsgTre mpuparienus i pYHKINN JIBYX HepeMeHHbIX.

[Tyctb Py(zo, y0), a P(zo+Ax; yo+Ay), e p(P, Py) = \/(x — 20)> + (y — yo)? =
V(Az)?2 + (Ay)?

Torna nosroe npupattenne dyuxiwn: Az = f(P) — f(FPp)

[Ipu P — Py caenyer, aro p(P, Py) — 0 u omnpejeserne HenpepbIBHON (hyHKITIN
MOYKHO 3aITHCATh ¢ MOMOIIBIO Tpupartienus: Oyuxiws z = f(x,y) HenpepbiBHA B

touke Py, ecn lim Az = 0
p—0

Touku, B KOTOPBHIX (PYHKIUS HE sIBJISETCS HEIPEPBIBHON, HA3BIBAIOTCSI TOYKAMU
paspbiBa. B ciydae pyHKIUI HECKOJBKUX IEPEMEHHBIX TOUKH pPa3pblBa MOI'YT
COCTABJISATDH IeJIble KPUBbBIE, TOBEPXHOCTU U TJI

Onpenenenne: Oynxiys, HenpepblBHas B I000IT TOUKE OrpaHNIeHHOl 3aMKITy-
Toit obstacTu [, HAa3bIBAeTCs HENpPepPLIBHON B D

CdopmysmmpyeMm TeopeMbl 0 CBOicTBax (pyHKINHI, HEIIPEPHIBHON B OI'PaHIMYeHHO
3aMKHYTOil 0bstacTt D, aHaJIOrMYHbIE PACCMOTPEHHBIM paHee J1Jisi PYHKITMH OHOM
[epeMeHHOi

Teopema 1: Ecim dynxins f(P) nenpepoisna B D, To ona orpanndena B D, Te
1C>0:VPe D= |f(P)|<C

Teopema 2: Ecimn dynkims f(P) menpepsiBHa B D, TO 0HA XOTsI OBl B OJTHOTI TOUKE
D jocturaer cBoero HaUMEHBIIEI'O 3HAUYCHHUS M, M XOTd Obl B OJHOI Touke D -

cBoero Hanbosbiero suadenus M, re 3Py, Py € D, uto f(P)) = maxpf(P) = M
n f(P,) =minpf(P) =m

10



Teopema 3: Ecim dynxius f(P) menpepoisna B D, To 0Ha IPHHAMAET BCe TPOMe-
JKyTOUHBbIe 3Ha4YeHusI, jgexkamme Mmexkjay Mum, reVk: m< k<M dF, € D:

f(R) =k

3.5 Iuddepennupyemoctb QYHKINN MHOTUX IIepEMEHHBIX

[Tycthb 3ajana dbynkuus z = f(x,y), onpejeaeHnas Ha MHOkecTBe D C R? 1 IpuHu-
MaloIast jeficTBUTeIbHbIe 3HaYeHns. TouKa (X, Yo) sABIIETC BHYTPEHHE! TOUKO
00J1acTH olpeaeacHusd

Omnpenesienne: Yacraast npousBoaaast GyHknnu z = f(X,y) M0 mepeMenHoii X B
ToUKe (X, Yo) OOO3HATACTCS OJTHUM U3 CJIEIYIOMINX CUMBOJIOB 5—f(x0, vo), fi(xo, yo)

ox
U TJI 1 BBIYUC/IAETCA 110 PopMyJIe:

ﬁ(%,yw ~ lim f(xo + Az, y0) — f(xo, yo)

ox Az—0 Az

AHajiornuHo, YacTHas npousBojHas dpyHkiuu z = f(x,y) 1o nepemMenHoii y B Touxe
(20, yo) BBIUHKCTsETCS 110 hOpMYyJIe

g_i@o’yo) = f,(z0,%) = lim f(xo, o + Ay) — f(0,%0)

Ay—0 Ay

I/I3 olpezneienusd CJICAYET, YTO YaCTHbIE ITPOU3BOJIHBIC HAXOAATCA 110 TEM 2KE IIPpa-

BuJjaM, 9TO 1 O6quHbIe IIPOU3BO/JHBIC, TOJILKO JINIIL IIPHU 9TOM y“H/ITbIBaeTCH, qTO
0z o 0z

Ipn OTbICKaHUA 5z (bI/IKCI/IpOBaHHOI/I OCTa€TCd IIepeMEHHaAd Yy, a JIJIA @ - [IEpEMEH-

Had X.

3.6 YacrtHbIE IIPOMN3BOJHbIE€ BbICIHINX IIOPAJAKOB

YacTHble TPOU3BO/IHBIE BTOPOI'O HOPsIKA [TOIYYAIOTCSI B PE3YJILTATE JIBYX HOCTIe-
noBaTebHbIX nuddepentmposanuit. s dyuknun z = {(x,y) MoxkHO 06pa3oBaTh
4 pou3BOHBIE BTOPOIO IOPSIIKA:

fla,y)

/\

I 7y

v

(f2)5 = 12 (f2)y = foy (fy)e = fpe (fo)y = fuy

7319: Ha3bIBalOTCA CMECIIaHHLIMHA IIPOU3BOJHLIMUA BTOPOI'O I1IO-

- 9aCTbIMHU ITPOU3BOJHBIMI BTOPOI'O IIOPAIKa (I/IHOI‘,ZLa - ‘{I/ICTI)IMI/I)

2
IIpoussosubie f, n

" n
pafKa [, 1 fp,

11



" 1 <
Bamernum, aro f, = [/ g oonbmmnersa Gynximii ( mpuueM MoJaBJISIIOIIe-

ro OOJIBIIIMHCTBA) 9TO PABEHCTBO CIPABEJINBO. Bojiee TOro, 10 OmpeesieHHOro
BPEMEHHU CUYUTAJIOCh, 9TO OHO BBINOJIHsIeTCsT Beerja. Ho 9o He Tax!

IIpumep IlIBapmna:

2

-y 2 2 2
2 29 > 0 5 0,0
f(x,y)={$yx+y vy _, 9/0.0)

62£(0,0)

141 =
7 oyox

Teopema IllBapmia: Ecin dyuxius z = f(x,y) u ee dacTHbIe MPOU3BOIHbBIE

/ / 1 1 s
> Jys [y [y OUDEJIGTICHBL M HENPEPbIBHBL B Touke Fy(Zo, Yo) 1 B HEKOTOPOIL €
1

okpecTHOCTH, TO fy (T0,Y0) = fy.(To, Yo)

Te IPOU3BOJIHBIE HE 3aBUCAT OT MOPsIKa JuddepeHnpoBaHus

4 JIndpdepennupyemMocTb PyHKIU HECKOJIbBKUX IIe-
pEeMEHHBIX

Mbr uccrieyem nosejienue gyukinnu z = f(x,y) B okpecraoctu Touxku My(xg, yo)
Ax =x —xgu Ay =y — o - IPUPAIIEHUS apryMeHTOB

Omnpenesienne: Oyukiust z = f(p) HazbiBaercsa auddepeHnInpyemMoii B TOUKe,
ecyii €€ MOJIHOE TIPUpPAIeHNe MOXKHO IIPEJICTABUTh B BHJIE

Az = A(zo, yo) Az + B(zo, Y0)oy +e1(Ay, Ax) Az +e2(Ax, Ay) Ay, rae A(zo, o),
B(zg,yo) ne zasucar or Az u Ay

anpu ey ey — 0npu Az — 0,Ay — 0

[lepBoie nBa cinaraemble B Az HasbiBaioTcs Jguddepernuaniom QyHKIMn dz =
A(z,y)Az + B(z,y) Ay

[Tostabiv mudpepennnaiom yuknun z = f(x,y) HasbiBaercst TiaBHas JUHEil-
Has orHocuTesbHO Ax u Ay npuparenusi dhyukimn Az B Touke (X,y): dz =

felx,y)dr + f(z,y)dy
Dopmyna Az = A(zg, yo) Az + B(xo, y0) Ay + e1(Ay, Ax)Ax + eo( Az, Ay)Ay

II0Ka3bIBAET, YTO KaK U B CJayYae O/IHOI IIepeMeHHOII BepHa

Teopema: Ecin f(x,y) - quddepennupyema, 1o oxa HerpepbiBaa. ObpaTHast T€o-
peMa He BepHa.

Teopema (HeoOxouMbIe YeI0BHsA T MEPeHITIPYeMOCTH )

Ecmu dyskuus z = f x, y nuddepennupyema B Touke (X, y ), TO y Hee CYIIECTBYIOT
B 9TOI TOUKe 00e JacTHbIe TTPONU3BO/IHbIE, TpudeM A(x,y) = g_fw B(z,y) = g—;
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JlokazaTebcTBO: 3anuiiemM I0oJHoe HpupalieHue jguddepeHnupyemoit GpyHk-
mnn: Az = AAx + BAy + e1Ax + e2Ay

Dta dhopmyia cupaBemmBa npn V npupariesnax A x n Ay

B ugactaoctn, npu A y = 0 nosHoe npupatieHne A 7z CTAaHOBUTCS YaCTHBIM ITPH-
pamenueM 1o x: A,z = AAx + e Ax

Pazgenum Ha A x 1 nepeiizem K npegeny npu A x — 0:

0z __ li Az
£ = lim 5= =A
oz Az—0 Az

Anagornuno no y: Ayz = AAx + e2Ay:

A,
gz_ lim AZ:B
Yy Ay—0 =Y

Ecnu teneps 3a jinddepeHimalibl He3aBUCHIMBIX TIEPEMEHHBIX TPUHATH X ITPUPa-
[IeHNs, Te MOJ0KUTh Ax = dxr, Ay = dy, TO MOJyIuTCcs ceayroras hopmyia

nuddepennuaia;

st byHKINM MpON3BOJILHOIO YKCJIa TIePEeMEHHbIX:

o d 4
df (x,y, z, ..., t )z%dm—i—d—fd - —I—(S—]tcdt

Bameuanue: CylecTBOBaHNE YACTHBIX MPOM3BOJHBIX HE SIBJISIETCS (B OT/IHYHE
oT caydasi yHKIUIT OJHOM MepeMeHHoit) H0CTaTOUHBIM yeaoBueM JudepeHiin-
pyeMocTH, Te (PYHKINSA HECKOJBKUX ITEPEMEHHBIX MOYKET UMETh YaCTHBIE ITPON3-
BOJIHBIE, HO TIPU 3TOM He OBbITH JnddepeHIupyeMoii.

[Ipusectu npumep GYHKIMN, UMEIOIIEHl YacTHbIEe IPOU3BOJIHbIE, HO IIPU 9TOM He
nuddepeHmpyeMoit

L { () # (0.0)
0. (x.) = (0,0)

Y 9roit GyHKINE UMEIOTCsT YacTHbIe pon3BojiHbe B Touke My(0,0)
f(2,0) =0, £(0,9) = 0= f1(My) =0, f(My) =0

Onmako sta dyHKIWs He siBysiercs muddepentpyemoit B Touke (0,0)
[Ipeamonoxkum nporusroe Az = AAx + BAy + o Ax + asAy

Az = % — 0 =0Ax 4+ 0Ay + a1 Az + asAy Ilomoxxum Ax = Ay
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[oyunm % = 1Az + aAxr = aAr = % =«

Teopema(/locrarounoe yciosue nuddepeniupyemoctn): Ecmu y dyHkimm 7z =
f(x,y) = f(p), onpeeneHHON B OKPECTHOCTH TOYKHU g, CYMIECTBYIOT 00 JaCTHBIE
IIPOU3BO/IHBIE, KOTOPhIE B TOUKE Py HEIIPEPBIBHBI, TO (PDYHKIUS B 9TOI TOUKE J11-
depennupyema

4.1 HduddepenimupoBanne CJIOXKHBIX (PyHKITIIA

x = ¢(t)
y = (1)

dbyuknuu f(x,y), ¢(t), ¥(t) muddepeniupyembr

[Iycts z = f(x,y), Te

Torna npoussoanas ciouoit dynxuuu z = f[p(t),(t)] L =2=.4 4 g—; : %

ECﬂHz:f(X,y),r;Ley:qS(x):>g_;:§_;+g_;.g_gyc

z — f(x,y), rue

be _ s br | b 0y
ou oxr  du oy

0z _ 8z bz 4 0z 0y
v or v + oy
4.2 unddepenrmupoBanne pyHKOnii, 3aJaHHLIX HEABHO

MbI yzKe HAKOMBI C IOHSITHEM HesBHOII (pyHKINUM OjHOI nepeMenHoil. HesiBHas
dbyuknusg y = y(x) onpegensiercst ypasuennem F(x,y) = 0

[TycTn

/ /
1. dyukuus F(x,y) u ee yacrubie npoussoubie F u F, HenpepbIBHBI B HEKO-
Topoit okpectHocTu Touku Mo(zg, Yo)

2. F(zo,90) #0

B srom ciyuae dyuknus y = f(x) uMeer HEMpPepbIBHYIO MPOU3BOIHYIO B OKPECT-

. F'(x
HOCTH TOYKHU X, KOTOPYIO MOXKHO HaiiTu 110 dopmyiie iy’ = —%
y b

[TockosibKy v = y(x) ecTb perenne ypasaenuns F(x,y) = 0, To nuMeeM TOXKJIECTBO

Flxy(x)) =0
Hudbdepennupyem F, -1+ F) -y’ =0

14



/ & oF
I ox
Yy = — 3 IpH yCJIOBHH # 0

4.3 KacareqbHasi IIJIOCKOCTh U HOPMAaJib K IIOBEPXHOCTU

KacarenbHas miockocts K rpaduky S nnddepennupyemoit dbyuakimn z = f(x,y) B
touke M (x, yo) (6ostee Touno: B Touxe Py(xo, Yo, 20), T1e 20 = f(xo,yo)) 3a1aeTCs
ypaBHEHIEM

z— 20 = fr(xo,y0)(x — 20) + f,(0,Y0)(y — o)

3ameuanue: B kakoil ub0 TOUKe OBEPXHOCTH UMeEET, JTUOO TOJILKO OJHY Kaca-
TeJIbHYIO IIJIOCKOCTD, JINOO He UMeeT ee BOBCe

Hopwmasibio K moBepxHocTH B TOUKe [Ny Ha3bIBAETCA MpsiMas, ITPOXOIAIIas depes
TOUKY [Ny IepIeHIuKYISIPHO KacaTe/IbHOM IIJIOCKOCTU K 3TOM ITOBEPXHOCTH

[Iycts moBepxHOCTD 3a/laHa ypaBHeHueM 7 = f(X,y) 3aluiineM ee B HESIBHOM BU/Ie
F(x,y,2) = 0, tie F(x,y,2) - dyuxiws, muddepennnpyemas B Touke No(xo, Yo, 20)
Tr—XTo

YpapHenne HOpMaJM K MTOBEPXHOCTH B 9TOI TOUKE: Ty (7§£ = (j)N
oz 0

4.4 DKcTpeMyM (PYHKINN HECKOJIBKNX IEepPEeMEHHBIX

Eciu g dynknnn z = f(x,y), onpejiesieHHoit B HeKOTOPOit 00J1aCTH, B HEKOTOPOii
okpectroctn Touku My(xg, yo) BepHO HepasencTBo f(xg,vyo) > f(z,y), TO TouKa
My nazbIiBaeTCcsa TOYKON MaKCUMyMa,

Eciu g dyuknun z = f(x,y), onpejiesieHHoit B HEKOTOPOit 00J1aCTH, B HEKOTOPOii
okpectroctn Toukn My(xg, yo) BepHO HepasencTBo f(xg,vyo) < f(z,y), TO ToUKa
My nazbIiBaeTCcsd TOYKON MUHUMYMAa,

Teopema (HE0OXOIMbIE YCIOBUST IKCTPEMYyMa)

Ecmu dyukuus f(x,y) B Touke (g, yo) UMeEET S5KCTPEMyM, TO B 9TOil TOUKe JIH-
00 obe ee YacTHBIE MTPOU3BOJHBIE IEPBOTO MOPsiIKa paBHbl HY0 f1 (20, ys) = 0,
fi(0,y0) = 0, b0 x0Tt GBI OJIHA U3 HUX HE CYMECTBYeT

A1y TOUKY (T, Yo) Oy/ieM HA3BIBATH KPUTUUIECKON TOUKOIT

Kpuruueckne touku dyukunu z = f(x,y) Haxomsires us cucrembr: fl(x,y) =
0, f(x,y)=0

HeobxomMoe ycoBme KCTpeMyMa B TeOpeMe He sIBJIAETCS JOCTATOTHBIM, T€ TOU-
Ka MOXKET OBITh KPUTUYECKOIl, HO He ObITH TOYKON SKCTpEMyMa.

leccuanom dyukrun f(x,y) nassisaercs dyukims H(x,y), koropas siBisiercst hyHK-
[MOHAILHBIM OIIPEIEIUTEIEM, COCTABICHHBIM 13 BTOPLIX YACTHLIX [IPOU3BOIHBIX:
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//2(
H(ZC, y) = Cf/

T,y)
oy ( T,y

(
(z,9)

Teopema (mocraToutbie yeioBudst SKCTpeMyMa (QYHKIINE JIBYX [ePEMEeHHbIX )

T,Y) fry
T, y) [y

[IycTh B OKpECTHOCTH KPUTUIECKOT TOUKE (g, y) dyHrKIms f(x,y) umeer Herpe-

PBIBHBIE YACTHBLIE IIPOU3BOAHLIE JIO BTOPOIO MOPSJIKA BKJIIOUNTEILHO. PaccMoT-
. — 2 _ £ £

pum Beipaxenne: D(z,y) = A-C — B*, rne A = fli(z,y), C = fyz(x,y),

B =[f,(z,y)]

1. Eciiu D(xg,y0) > 0, T0 B TouKe (¢, yo) DyHKImMs f(X,y) uMeer sKcTpEMYM,
ecsim A<0 - makcumywm, ecin A > 0 - MEHIMYM

2. Ecin D(x0,10) < 0, T0 B TOUKe (X0, 30) byHKIMS {(X,y) HE MMeeT 9KCTpeMy-
Ma,

3. Ecim D = 0, BBIBOJ 0 HaJIMYNU SKCTPEMyMa, ClIeJIaTh HeJlb3sl, HeOOXOIMMBbI
JIOIIOJIHATE/ILHBIE UCC/IE/I0BAHMSI

5 Jlnddepennuaabl BbICHINX HOPSJIKOB

dz = f.(z,y)dx + f,(z,y)
@z = d|fy (@, y)dafy(x,y)dy] = fia(x,y)(d)* + 2, dedy + f(z,y)(dy)’
&z = fl5(de)® + 3£ (v, y)(de)*dy + 3£ (w, y)de(dy)? + f15(x,y)(dy)?

= J3

d'z = (5rdv + 3,dy)" (2, y)

6 Hekoropnbie cBejiennsa 0 KBaaApaTUYHbLIX (popMax

Onpenenenne: OyHKIUS BUIA

_ 2 2 _
Q(z1, T2, ..., Tp) = anei + a221%2 + ... + Q1pT1%, + a2 T221 + ... + AppT;, =

n n
D D WijTil

i=1j=1

HaspiBaeTcs KpajipaTuiHoil (hopMoit OT HEPEeMEeHHBIX L1, T2, ..., Tp, TUCIA Q;j Ha-
3BIBAIOTCS KOI(MDDUIMEHTAMI KB IPATUIHONR (HhOPMBI

air a2 ... QAip
A=

ap1 Ap2 ... Qpp
HA3bIBAETCA MaTpUTel KBaIPATHIHON (DOPMBI
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Ecim a;; = aj ana Vi, j @ # j, To KBaJparninasg ¢popMa Ha3blBaeTCd CHMMeET-
PUYIHOIT

Onpenenenne: Onpeaennresb

Al = an

ail a2
Ao =
ao1 Aa22

ai;p aip ... Qip
An:

ap1 Ap2 ... Qpp

HaspiBatorcst ryiaBHBIMH MUHOPAMU MATPHUIBI A

Onpegnenenue 4: Kpagparuanas dopma Q(x1; ...; T,) HaA3BIBACTCS TOJTOKUTE b
HO OIpe/IeJIeHHOM (OTPUIATETHFHO OIIPEIeIeHHOI ), ecJin Jijist GI00BbIX 3HAYEHHI 116~
PEMEHHBIX 71, ..., Ly, OJHOBPEMEHHO HE PABHBIX HYJIIO, OHA NPUHUMAET IT0JIOKI-
TeJibHble (OTPUIATE IbHBIE) 3HAUCHUST

Teopema (kpurepuii Cuibsectpa)

1. s Toro, arobbl KBajpatudnas dhopma Q(1;...; T,) OblIa MOJOKUTETHHO
OIIpeIe/IeHHOM, HeOOXOIMMO U JIOCTATOYHO, YTOOBI BCE €€ IJIAaBHbIE MUHOPLI
OBLIIN TOJIOKUTE/bHBI

2. st Toro, arobbr KBajparudnast popma Q(z1;...; x,) OblIa OTPUIATETBHO
OIIpeIe/IeHHO, HEOOXOIUMO U JOCTATOYHO, YTOOBI 3HAKHU IVIABHBIX MUHOPOB
ee MaTPUIILI YepeoBaInch ciaeayiommum obpazom: Ay < 0,y > 0,A3 <
0, Ay > 0,...

Teopema 3(0cTaTouHbBIe YCIOBHSI CYIIIECTBOBAHMNSI JIOKAJIBHOIO SKCTPEMYyMa)

[Iycrs dbyukius u = f(xy;...;x,) = f(P) quddepennupyema B HeKOTOPOIt OKpecT-
noctu Touku Py(zY; ...; 2%) u apaskap muddepenupyema B camoit Touxe Py, npu-

geM Py - TouKa BO3MOXKHOTO 9KcTpemyMma, Te du(Fy) = 0.
Torna

1. Ecin Bropoit jmuddepentnan d*u(Py) sBsteTcs I0JI0AKUTEILHO OllpeleIeH-
HOIT (OTpHUIATEILHO OIpeIeeHHOl) hopMoii OT epeMeHHbIX dX1, ..., dT,, TO
dbyuximst u = f(P) numeem B Touke Py jloka/ibHbIT MUHIMYMa (MAKCHMYM )

2. Ecin d?u(Py) sijistercst 3HaKoIepeMeHHON KBajipaTHaHoil (hopMoil, To dyHK-
st u = f(P) B Touke Py skcTpemyma He nMeeT
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