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1 Ocnosuble cBoiicBa guddepn pyHKIMIii

OcHoBHbIEe TeopeMbl JuddepeHnnaabHOr0 MUCUYEICEHUST
[Iyctby = f(x), x € Duma Vx € D 3 f'(x) < o0

Torma Oyme roBoputh, ato f(x) muddepennupyema Ha Muoxkectse D
CL(D) - muoxecrsa dynkuuit, muddepennupyembrx Ha D

sinx € Clla,b] Va,beR

2] ¢ C'-1; 1

C(D) - mHOKecTBO (DYHKIWI, HEIIPEPbIBHBIX Ha D

CH(D) c C(d)

Omnpepesienne 1: Touka x0 Ha3BIBAETCsT TOUKOIT JIOKATBHOTO MaKCUMyMa (DyHK-
i f(x), ecotn g Vo € U(xg) = f(z0) > f(x)

Omnpenenenne 2: Touka x0 Ha3bIBAETCSI TOUKOM JIOKAJTIBHOIO MUHUMYMa (DyHK-
i f(x), ecoin Voxr € U(xzg) = f(z0) < f(x)

Onpenenenue 3: Eciu Vo € [a;b] Bomosasercst Hepasenctso f(xg) < f(z), To
roBOPAT, 4TO (BYHKIINS MMeeT IJIODATBHBIN min B TOUKe I

Omnpepesienne 4: Ecin s Vo € [a, b] Bomosasiercst nepaserctso f(xg) > f(x),
TO TOBOPsI, 4TO (BYHKIUsT UMeeT IJI0OAIbHbIH max B TOUYKe I

Touka JJOKaAJIHLHOTO MAKCUMyMa 1 MIHIMYMa Ha3bIBAIOTCS TOYKAME SKCTPEMYMA.
JIr060it MAKCIMYM U MUHUMYM HA3bIBACTCS DKCTPEMyMOM (extr)

[Ipu orbicKaHUN SKCTPeMyMOB MYHKINHT, IuddepeHInpyeMbIX Ha OTPE3Ke, M0JIb-
3YIOTCSI YTBEPKJIEHUEM, COJIEPZKAINM HeOOXOIMMO YCJIOBHE J 9KCTPeMyMa

1.1 Teopema Pepma
@opwmyna a + 0" = " He uMmeeT He JPOOHBIX pelIeHnit Jisd n > 2

[Iycts dyukiust y = f(x) ompenesena u HenpepbiBHa Ha [a;b| n B HEKOTOPOI
BHYTpPEHHEl Touke Xy oTpe3ka |a;b|: x¢ € (a,b) mocTuraer cBoero sKcTpeMymMma

Torma: eci B 9T0i TOUKe CyIIL TPOU3BO/IHAs, TO OHA paBHa HyJto: f'(xg) = 0

Hoka3z: [lycTh Bo BHyTpeHHell TouKe cBoeil obsracTit opiijieieHust (PyHKINs UMeeT
9KCTpEeMYM. Kcu B 9To#l TOUKe CyIII MPON3BOAHAA, TO OHa PaBHA HYJIIO.

1) Ilycrs dyukius f(x) umeer B TOUKe x( MakcumyM. Toryia y 9Toft TOYKU CyTI
okpecrHoctu, B Kotopoit f(z) < f(xg). B arom ciaydae npu x < zp MBI nMeeM
HEPaBEHCTBO



f(x) — f(xo)

T — Xy

>0

[Tepexosist B 9TOM HepaBHeCBBe K mpejieny, noaydaem, aro f'(zg) > 0, ¢ apyroii
CTOPOHBI, IIPH X > g MBI MMEEM HEPABEHCTBO

f(x) — f(xo)

T — Xy

<0

[Tepexojist K Tpejiesiy B 9ToM HepaseHcTBe, noydaeM, dato f'(xy) < 0. Orciona
caeayert, aro f'(xo) =0

Teopema depma:
e Bo BHyTpeHHell TOUKe SKCTpeMyMa MPON3BOHAs MOXKET He CyIIeCTBOBATD.

e Touka sxcTpemMyMa PYKHIIUUN MOYKET He OBITH BHYTpPEHHEH TOUKOI 00J1acTh
OPIIJIeJICHUA

e Paencrso HYJIIO HpOI/ISBO,ZLHOﬁ ABJIACTCA HGO6XO,ZLI/IMbIM ycJjgaoBueM, HO 39TO
ycjgoBue JOCTATOYHBIM YCJIOBHEM HaJIMYIMA SKCTPEMYaa HE ABJISACTCA

['eomerpuuecknii cmbict Teopembl Pepma: Ecu pykHIns B TOUKe ¢ UMeeT SKCTPe-
MyM 1 jincbdepeHImpyeMa B 3Toi TOUKe, Te CYyIIeCTBYeT KaccaTe/bHast K rpaduKy
dyHKIMN, TOT/Ia 9TO KacaTe/abHas rapaJuiejbia ocu OX.

1.2 Teopema Pouis

IIycrs f(x) € C |asb| u f(x) € Cl(a;b) - quddepennupyema BHYTpH UHTepBaIa
(a;b) mpuuem Ha KoHIlax oTpeska GyHkius f(X) TpUHIMMET OJMHAKOBbIE 3HAMe-
uug, Te f(a) = f(b). Torma cymecrByer Takas Touka ¢ € (a;b) B kKoropoit f’(c) =
0

1. Ecin dyuxmus f(x) = const = f(x) = 0 Bciomy, Tor/1a yTBEpKI€HNE TEOPIIe-
MBI OYEBU/IHO.

2. Ipenmosoxkum, rereps, f(x) # const. Tak kak Gyuknus f(x) € Cla;b|, To ona
PUHIMAET Ha HEM CBOU MAaKCHMAaJIbHOE M MUHUMaJbHOe 3Hadenune(T Beiiep-
mrpacca) = Ja, B € [a;b] 1 Vo € [a;0]  fla) < f(x) < f(B) Toukn o n
[ ABJISAIOTCS, TAKUMEI 00pa3oM, ToYKamu sKcTpemyMa dyskimn f(x).

Tak kax, f(x) # const, To f(a) # {(3)

[To yesosuto Teopemsr f(a) = f(b) = xoTst 661 ojiHA U3 TOUKeM v 1 [ SIBSETCS
BHYTpPEHHEH TOUKOii oTpeska u 1o T Pepma B 9TOI TOUKe TPOU3BO/IHAS PABHA
HYJTEO.



Crnensersue: Ecmu dynknus y = f(x) wenpepbiBaa Ha [a;b|, quddepeniupyema
ma (a,b) m f’(x) # 0V x € (a,b), ro f(a) # f(b)

Hoxkazaresscro(or mporusnoro): Ilyers f(a) = f(b), Torma o Teopeme Posa
AC € (a,b)(f'(C) = 0), 910 NIPOTUBOPEUUT YCIIOBUIO CJIEJICTBUSI

['eomeTpuuecknit cMbic TeopeMbl PoJiist: eciin (DyHKIIA YI0BJIETBOPSIET YIJIOBUSIM
TeopeMmbl PoJiyisa, Torga HaiigeTcs TodKa, B KOTOPOI KacaTejbHasd IMapaJsiiebHa
oc Ox. Takast Touka MOKeT OBITH He OJIHA,

Ecim f(a) = f(b) = 0, To Teopema Posist o3HavMaeT, 9T0 MEK/IY JABYMSI Da3/IHt-
HIMBI JIefiCTBUTEIbHBIMI KOPsTHMHE ypaBHernus f(x) = 0 maifgercst xors Obl ojiHEI
neficrBuTesbHbIN KOpeHb ypasaenus f'(x) = 0

1.3 Teopema Beeiipuirpacca

Teopema: Eciu f - HenpepbiBaa Ha |a,b|, T0 oHa orpannvena
HokazarenbcrBo: Ot nporusHoro f - HenpepbiBHA Ha [a,b|, HO HeorpaHnueHHA
VM >0 Jz: |f(x)|>M

L3z o | f(x)] > L(M)

2 3xy: | fxg)| > 2(M)

keN: 3o, |fen)] > k(M)

Ho 1k z,, € [a,b], TO MOXKHO BBIOpATH CXOIAIILYIOCS MOJIOCIECIOBATEIBHOCTD Ly,
dxp,, : xp, > x0=>a <z, <b

Tk bynknus wenpepsisaas, 10 f(z,,) — f(zo), Ho f(z,,) — 00 1O ycaoBHUIO,
IIPOTUBOPEHIE

Teopema: f - nenpepsisua na [a,bl, To Jx¢ € [a,b] : supyf = f(zo)
okazarenbcTBo: supp, [ = M € R Oupenenenne supy,y f:

1) Vo € [a,b] : f(x) <M

2) Ve >0 v : f(x) > M —¢

Torna BosbMeM € = %

VneN 3z, : f(z,) >M— =

a<xz,<b

Tk ImocJjieJ0BaTeJIbHOCTL OI'paHMY€Ha, TO M3 HEEC MOZKHO BbI6p&Tb CXOJANILIYOCA
IIOAIIOC/IENOBATEJIbHOCTD Ty, — X

B cuy nenpepsisaoctu dyukiwu f(z,, ) — f(zo)



M — nik < f(zp,) < M = f(x,,) - M, no B cuy menpepsisnoctu f(x,, ) —

f(xo) = f(xo) =M

1.4 Teopema Jlarpanxka

IIycrs f(x) € C |asb| u f(x) € Cl(a;b) - quddepennupyema BHYTpU UHTepBaIa
(asb)

Torpa cymecsyer takast Touka & € (a;b), aro ! (b[)):f: @ _ 1(€)

[Toctpoum Beromoratebayto dyukimo ¢(z) = f(x) — Az u napamerp A BbibGe-
peM Tak, 4Tobbl ¢(X) yIaoBaeTBopsiia Teopeme Pojiis, Te arodsl ¢(a) = ¢(b), TK
HEIPEPbIBHOCTL 1 jinddepeHnnpyeMoctb hyHKINN ¢(X) OUeBUHDL.

d(a) = p(b) = f(a) - Aa = f(b) - Ab = LO=[D )

Ho, eciin ¢(x) yaosierBopsierc T Posuist, To cymecrByer Touka £ € (a,b) Takasi,
aro ¢(§) = 0 = ¢/(2)]u=e = f/(@) = Als=e = f/(§) = A =0= f/(§) =
F1(8) = f(bl))—f(a)

Crnenscrsue: [lyers dyuxius f(x) nuddepenernupyema na narepsase (a;b)

Torna st 001X TOUKe v, 5 € (a,b) Haiimercs Touka &, JeKaimasi Mexy o u 3

(e 60 av < € < B mbo f < € < o), aa koropoit f(B) - f(a) = () (B - )
1) a < B o 1 Jlarpamxa: f(5) - f(a) = £'(&)(6 - «)
2) a > f Ilo v Jlarpamxka: f(«) - {(5) = '(&)(a - B)
3) a = [ Obe yacTu paBeHCTBa PaBHBI HYJIO, £ = «

@opwmyiy Jlarpana 4acTo 3alUChIBAIOT B APYTroil hopwme:
f(b) = fla) = f(&)(b—a)

DTy TeopeMy Ha3bIBAIOT TaKde TeOPEeMOil 0 KOHEUHBIX MPUPATIEHNIX
[eomerpuueckas uaTepnperaiins T Jlarpamka: Pacemronm dynkmus y = f(x),
VJIOBJIETBOPSIONIYIO Ha OTpe3Ke [a;b| yc/ioBusiM Teopembil.

f(b)—f(a)
[Iposesiem crsarusarontyto xopay AB, Torja orHomenne ———

= tgu
rjle (v - yroJl HaKoJIOHa 3TOMH Xop/ibl K ocu Ox

Torpma reopema yrBep/iaer, 4ro Haiiercst XoTs Obl oJHa TouKa € € (a,b), B KoTopoii
KacaTesbHag OyJeT IMeTh TOT Ke yroJl HAKJIOHA, YTO W CJArHAioNiasd Xop/a



1.5 Teopema Komiu
[Tycrs dynxuus f(x), g(x) € Cla,b] n f(x), g(x) € Cl(a;b)
[Tycts Va € (a;b)g'(x) # 0.

. f(b
Torna cymmeccrByer Takas Touka £ € (a, b), /st KOTOPOIt ) gl —

Te OTHOIIEHNE TpUpaIeHnit pyHKINii Ha OTPE3Ke PaBHO OTHOIIEHUIO TPOU30B/I-
HBIX 3TUXX (PYHKIUN B CHENUATLHO BLIOPAHHON TOYKE BHYTPU OTPE3KA.

HokazareberBo: Pacemorpum Beiomoraresibhyio dyuknuio ¢(x) = f(x)—Ag(x),
COJIEPZKAIIY O TTApAMETD A, KOTOPBIi BBIOEPEM TaK, 4TOOBI ¢(X) YAOBIETBOPSLIA T
Poust.

[lepBbIM JBYM YCJIOBHSIM 3TOMH TeopeMbl ¢(xX) yiosierBopsier, TK f(x) u g(x) Hep-
HepbIBHBI U JuddepennupyeMsbl.

[ToTpebyem BuITIOIHEHTE 3-T0 YCJIOBUS:
b(a) = ¢(b) = f(a) = Agla) = f(b) — Ag(a) = A = L=T0)

[To T Posuns va (a;b) cymectByer xotTst 66 OjiHA TOUKa &, 9TO

¢'(§) = 0,10 ¢'(x) = f'(x) —Ag'(x), re ¢'(§) = f'(§) —Ag'(§) =0 = A=
fla)=f(b) _ f'(€)

g(a)—g(b) — ¢'(¢)

Canencreue: [lycrs dynknnu f(x) u g(x) HenmpepbiBHBI Ha oTpeske |a;b| n mudde-
peHnupyebl B HuTepBase (a;b), npudem npu Beex = € (a,b) npoussouas g'(x) #
0

f'©)
q'(€) =

Torma st 066X TOYEK v, B € (a,b) Hailigercs Touka &, exKarnas MexKIy o U

B, na koropoit £(8) - fa) — L (g(8) — g(a))

~—

1.6 IIpaBunio Jlonuransa

Teopema 1: Ilycts f(x) u g(x) ompenenenst u auddepeHInpyeMbl B OKPECTHO-
CTU TOYKM X = a, 3a WCKJIOUeHHneM, ObIThb MOXKeT, camoii Touku a, lim f(z) =

r—a
limg(z) = 0, g(x) u g’'(x) # 0 B s10i1 okpecrHocTU. Torga ecyim cyrecTByeT
Tr—a
lim £ ,/(x), TO CyIIeBCTByeT lim H@) y yveer Mecto paBeHCcTBO lim L@ — i L ,/(x)
z—a 9 () 7—a 9(%) 7—sa 9(%) r—a 9' (@)

HokazareibeBro: Byjiem cunrarh, 9T0 a - KoHedHoe ducio. Joonpeenun hyHK-
mun f(x) u g(x) B Touke x = a, nosaras f(a) = g(a) = 0. Torma stu dyukImm OyIyT
HEeIPEepPbIBHBL B TOUKe a. Paccmorpum orpes3ok [a,x|. Ha [a,x| dyukuus f(x) u g(x)
HEpIPEPBIBHBI, a Ha (a, X) auddepeHnupyemMant, T03TMOY 110 Teopeme Kot ¢y
Touka & € (a,x), Takasi, 9TO

f@)—fla) _ f'(€)
g(x)—g(a) g'()




Korya x — a, 10 £ — a, MO3TOMY B CHJIY yCJIOBHSI TEOPEMbBI UMEEM

im L) — 1im £ — iy @)
lm 9@ = Im gty = Im o

[IpU YJIOBUU, YTO IIpejiesie B IPaBoil YaCTU PaBEHCTBA CYIIECTBYET.

Bameuanne 1: Ecan dynknng {'(x) n g’'(x) cHOBa yIOBIETBOPAIOT TeopeMa, TO
npaBuio JlonuTans MOKHO TPUMEHHUTE OBTOPHO.

Sameuanue: CﬂeﬂyeT BHUMATEJIbHO IIPOBEPATL BLIIIOJIHEHUE YC.HOBI/Iﬁ TEOPEMDI, B
IIPOTUBHOM CJIy4da€ BO3MOXKHDBI OIINOKN

2 IlpousBognblie Boiciinx nopssakoB. @opmyiia Teii-
JIOpa

ITycts f: X — R, xp - BHyTpeHHsisI TOYKa 00JIacTU olpejieieHns X, U MyCTh B

HeKoTOpoit okpecTHOCTH U (X)) TOUKE T BE3Je CYIIECTBYET TPOM3BOIHAS

AU (xy) :  Va € U(xp) onpenernena ¢(z) = f/'(x)

: x xr)—olx 2
['(z) = ¢/(w) = Jim LRI, pr(g) — 2L,

TpeTbst MpousBoHASL:

y/// _ f”’(x) _ (f”(:lf))/ _ Alirgo fl/(w—’_AAl:])j_fll(x)’ f’”(x) — ;F’TJ;

IIpousBoaHast mopsjaka n:

gD (24 Az) -y (2) f(n)(l') _ da'f

y(n) ($) = lim Az ) T dan

Az—0

3amevanue: /s TpeTbeil MpoU3BOAHON eIlle JOIyCTUMO O0O3HAYeHUE
TpeMs IITPUXaMMH, HO, HaUnNHas C 4-0if Mpou3BOAHOII, NX 0003HAYAIOT
pUMcCKUMHA OudpamMu nid apadckuMmmu mudpamMi B CKOOKax.

1. y = elm. yn — knekw
2. y=a y® =kl
3.y =sinz; sin™(z) = sin(ZL + )

4.y = cosx; cos™(z) = cos(ZL + x)

2.1 IlIpaBmja BbIUHCJIEHUsS TPOU3BOJHBIX BBICIIUX IOPA/I-
KOB

1. (C.f)(n) =c- fn)
2. (f+g)" ="+ g™



3. (f- g)(n) = Z Cf{ - f=k) L g(B) - bopmyia Jleiibrumna
k=0

2.2 JIuddepennnajbl BHICOINX IIOPSIIKOB

Huddbepennuan GyHKINM BeIpazKaeTcs (opMyJIoif

df (z) = f'(x)dx

n siBJisieTcss pyHKIMeil aByxX mepeMeHHbIX: X n dx. duddepennuas or mnepBoro
nuddepeniaia, KOTOPhIl paccMaTrpuBaeTcs Kak (PyHKIMS IePEMEHHOIO X IIPH
MOCTOSTHHOM 3HadYeHnn dX, HasbiBaeTCs BTOPbIM jnddepeninanom (muddepen-
[UAJIOM BTOPOTO MOPSITKA).

d2f($) - d(df<x))‘dx=const - (df(x))’dx — (f/(.’L')dZIZ')/dLU - f//(ilf) (dl’)2

d*f(z) = f"(x)(dw)?

Huddepenimanom mopsaka n HasbiBaeTcs auddepennnas ot auddepennnalia
nopsijika n-1 npu ycjosuu, 4ro dx = const
Crpaseymsa dopmyna: d*f(z) = £ (z)(dz)"

Hnddepeniinan BToporo nopsiika He obJjiagaeT CBOiiCTBOM MHBAPUAHT-
HOCTU (POPMBI.

[Iycts Teneps x=x(t) - dyHKIUSA, => B CUy UHBAPUAHTHOCTH (DOPMBI [IEPBOTO
nuddepenimalia,

df (z) = f'(z)dx

sropoit auddepentman: d2f(x) = d(f'(z)dx) = d(f'(z))dz + f'(z)d(dz) =
(f"(z)dz)dx + f'(x)d*x = f"(x)(dx)* + f'(z)d*z

npudeM B obiieM ciaydae sropoit auddepenmuan: d?x = 2 (t)(dt)? # 0
d*f(x) = f"(z)(dx)* + f'(x)d*x
3 Ilpubimxkenune pynknum B Touke. MHoOroujieH
Teiinopa.

Pacemorpum dyukimio y = f(x), onpeenennyto B U(a) 1 UMEIOIILYIO TPOU3BOIHY O
JI0 1 - OT0 MOPsiIKA B CAMOI TOUKe a:

Vo € Ula) 3f'(x), f"(x), fM(2), ... ["(x)



Tpebyercs naiitn Takoit Mmuorouien T (X) crenenn MeHbIIEd, Wl PABHOI N

Tu(a) = fla); Ti(a) = f(a); T(a) = f"(a);...; Ti"(a) = ") (a)

DToT MHOro4seH Oyzer 6;m3ok K dynkmnuu f(x) B U(a).

3.1 Mumnorouaen Teitjaopa

Bynem nckarh ero B Buje:

To(z) = ap+a1(x —a) + as(z —a)’> + - +a,(x —n)" (2

T.e. TI0 CTEIEHsIM PA3HOCTH (X - &) ¢ HeOolpeeeHHbIME KO hDUIneHTaMI.
Koaddunumentsr ag, ay, . . . , a, onpeaeanm u3 ycaosuii (1):

Ty(a) = f(a) = ag

T/ (z) = a1 + 2as(x — a) + - -+ + na,(z —a)" ! = T/ (a) = f'(a) = a1

T (x) =2as+3*2a3(x —a)+ -+ n(n—1a,(x —a) =T = f"(a) = 2ay
7 :n(n—1)*---*3*2*1*an:>T7(ln)(a) = f9(a) = a, - n!
CietoBaTesibHO,

"(a e (n)a
ap = f(a); a1 = f'(a); a2:f2(!); a3:—f3§);...an:—f (@)

Tora muorowrenn T, () npuHIMAET BUJIL:

Tu(@) = fla) + 22 @ -a) + 20 @ -0+ + 0 (@ —a) =
" k a)(r—a k

Yo @

k=0

Mmuorousen (4) HasbiBaercss muorowrenoMm Teitnopa s gannoit Gyukiun f(x) B
TOUKE a.

Muorowren Teitopa siBisiercs npubsmkennem dbyuakmun f(x) B U(a).

4 OcTaTo4YHbI 4JIeH

e Muorowren Teiisopa, coBnajgas B camoil TOUKe a €O 3HadeHHeM (QYHKINH
f(x), mia rouek x € U(a) otnmmaaercs ot f(x).

e Omennm mopsiiok Mastoctn pasnoctu R, (z) = f(x) — T,,(z) orHocuresso
IpUpAIeHns apryMenTa (X - a).

e 31ech R, (x) HA30BEM OCTATOYHBIM WJICHOM
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4.1 OcTaTo4yHblll 4JjieH

Yepes Hero 3ajannast hyHKIM BhipazkaeTcs 110 dhopmyiste f(x) = T,(x) + R, (x)
k n
win f(z) = f(a)+ f/(a) (@ —a) + ... + 12Dz — a)F + ..., LoD (g — a)" + R, ()

n!

Yacruslii ciayvaii dpopmyiisl Teitsiopa mpu a=0 (oH daliie BCero u UCHOJIb3YeTCs B
MPUJIOYKEHUAX ) HasbBaOT bopmysoit Maksoperna. B aTom ciryuae oHa BBITJIATAT
CJIeJIYIOIIIM 00pa3oM

90 SO0
k! n!

f(x)=f0)+ f(0)x+..+

z" + R, (z)

4.2 ®Dopwma lleano
[TycTs:

pu x—a 3f(a), f*(a), ., "(a)
Torna

Bameuanue: ocratok R, (r), sanucanubiii B Buje (*), Ha3BIBAETCA OCTATOYHBIM
qieHoM B gopme Ileano.

JlokazaTe/bCTBO:

Dopmyita (*) sxkBuBajeHTHA TOMY, 9TO lim (ff(ax))n =0
Tr—a

ﬂOKa)KeM, YTO 93TO PaBEHCTBO BBIIIOJIHACTCA, NCIIOJIb3Y4 IIPaBUJIO JlonnraJis:

 Ru(@) _ i f@)-Ta@) _ oy F@)=lf@) o+ f @) gy
illg (x—a)™ chlir}l (x—a)y» il_)né (x—a)" o [6] o
iy F O @ T )

 2—a n(z—a)"~t

[Ipumenum npaBusio Jlonurass emie n — 2 pasa, HOJIYUUM:

D) () [ (g) 2= ) (g D)= FD () i . "
tim e g ) — i [ 500 ()] = i (£ (a)
F™(a)) =0
Urax,

"(a "(a (n) a n _ n
f(z) = f(a)+%>x<(x—a)+f2—(!)*(:c—a)2+...+fn—!()*(x—a) +o[(x —a)"]

D10 JoKasbHasA gopmysia Teitopa ¢ ocraTounbiM dieHoMm B dhopme [learo

11



4.3 OctaTounsbiii wieH B popme Jlarpanxka

Ocrarounsiii 1en B hopme [leaHo maet Juib MOpsiI0K MATOCTH pasHocTh f(x) —
T, () u He MO3BOJIACT ONEHUTDH €r0 YNUCICHHOE 3HATCHUE

Ocratounblii 4ieH B hopme Jlarpamzka moxoxK Ha oOHuil wien B popmyJie

Teityiopa, a UMeHHO

(n+1)
R,(x) = f(n+1§!€) (z—a)""Nriex<e<awmwma<e <X

T.e. 3HAUEHHE IIPOU3BOJHOII OepeTcsi He B caMOii TOUKe a, B HEKOTOPOI HaljIerKa-
UM 00pa30M BBIOPAHHOI TOUKE €.

4.4 OreHKa ocTaTKa
[Tycts mpoussoubie dyukunu f(x) orpanuuensr 8 U(a), IM : | f(’”l)(x)\ < M

|z—alt!
g Vo € Ula), = |R,(z) < %

4.5 TeopeMa eJMHCTBEHHOCTU

Hst yuknuu y = f(x) passoxkenne 1o dhopmysie Teiijiopa e HCTBEHHO.
Jloka3aTeabCTBO:

Teopema eMHCTBEHHOCTH TOKA3LIBACTCA METOIOM «OT IPOTUBHOIO»

[Iycrs dyukmumst f(x) Moxker 6bITh passozkena 1o dhopmyste Teitiopa aByMs cro-
cobami, re. da; : (i =1,...n)ub; #a; (i=1,..,n),

n

f(z) = é}ai-(:ﬁ—a)iJrZo)(az—a)” = f(x)—f(z) =Y (a;—b;)-(x—a)'+0(x—a)"

0=>(a;i—0b)- (r —a)' +o(x —a)"

T.e. B IIPaBOil YacTu — pasJ/iozKeHue HyJisl, HO Jirobast Ipous3BogHasd oT y = (0 paBHa
nyso. Caenosarenbho, ¢; = 0 = a; — b; = 0 = a; = b;. MbI upunum K npoTu-
Bopeunto. CiienoBaTesibHO, @; — €JIMHCTBEHHbIN Habop KodddumnmenTon. Teopema
JIOKA3aHa,

4.6 Dopmyanl MakiaépeHa i 3jieMeHTapHbIX (PYyHKITIIA
@opwmyna Makiopena - aro dpopmysta Teitopa B ciydae, korjga xg = 0
®opmysa MakiiopeHa ¢ ocTaTOUYHBIM 4ieHOM B (popme IleaHo BBIIVISIIUT Tax:

Fla) = £O)+ f/(0) -+ L0 g2 4 L0 gmy o(pm)

12



L. f(x) =
Torna f'(z) = f"(z) = ... = f(">( ) = f("“)(ﬁf) = e’
£0) = F1(0) = £1(0) = . = ) (0) =
e =1+z+L +.. L4 ( "), upu X — 0
Ocrarounsrit wien B hopme Jlarpanka r,(x) = (neTcl)' gl
2. f(x) = sinx
Kax 6b110 okasano pamee, ™ (x) = sin(x + =), n=0,1,2..
osromy f(0) = sin(Z2)
Ecmn = 2k, 1o f®R(0) =sin(r-k) =0, k=0,1,2...
Ecom n = 2k+1, to fD(0) = sin(Z +7- k) = (-1)*, k=012, ...

B L a2 Jors
SN =0 — —+——...+(—1)" - ——= 4+ o(x
31 5l O Gy e
sin(chiﬂ'(nJrl))
Ocrarounsrit wien B hopme Jlarpamxka: r,(x) = T "

3. f(x) = In(1+x)
Torma (0

) = 0;
fl@) =g fO)=1
f(@) = —qip F1(0) =
@) = 2y f0) =2
fO(@) = -5 F9(0) = -3
[P (@) = ()" i f™(0) = (=)D (- 1)

[Tozncrapiisiss 9Tu 3Ha4YeHus: B popMysay MakiopeHa, oIydaeM:

1 2‘ n— (n—l)' n n
In (1+x)—a:—§a: +§x3— A4 (=) o + o(z")
nJim
m14a) —o— 2+ T (c o
n r)=r — — —_— — ... — — o\xr
2 3 n

13



4.7 TIlpencrasienue dpyukimii popmysoii Makiapena 1o o(z"),
rie k - ¢pukcupoBaHHOE YHCJIO

ITpumep: Ilpencrasum Gopmyoit Makopera dyukimo f(x) = sinx * In(1+4x)
10 o(z®)

f(x)Z( —§—+0( )@ =5+ 5 =4 fo(ah) = w(r -G + 5 — T +o(a?)) -

4.8 Ilpencrasienune popmystoii Teitaopa. 3ameHna repemMeH-
HOW

Perenne 3a1atu npejcrassiennst byHkiu GopyJ/ioit Teitjiopa B OKPeCTHOCTH TOU-
K g 7 0 COCTOUT U3 TPEX STAIOB:

1. 3aMeHOil epeMeHHOM t = X - () NCXO/HAa 33198 CBOIUTCS K IIPECTABICHIIO
dbopmymoit Maksopena dyukiuu g(t) = f(xg + t) g0 TOrO K€ TOPSIKA O-
MaJIOro, 4TO UM MCXOJHAasl 33/1a9a

2. pemaercd 3ajada IpejcrapieHus hopmysioit MkkIopeHa QyHKIIN g(t) =
f(l‘() -+ t)

3. BBIIIOJIHSETCsl 0OpaTHas 3aMeHa IIepeMeHHOI, TO eCTh I0JICTAHOBKA BbIparKe-
HUY X - Lo BMECTO [HepeMeHHOI t

IIpumep: y = 2ze**;00 = —1;n =5
t=rx—xg=ax+1l=>ax=1t—-1

y=2(t—1)e?? = Jt(1+2t+ L0+ 204 20 1 5(14)) — (1+2t + B+ 2R 4 20
281 5(1%))] = 2[t+2t2+233+22f4+24t0+t0(t4) 1—or— 22 20 20 20
()] = 2t +2t2 4263 + 42 +2t°+o(t5)—1—2t—2t2—ﬁ—%—@—5(t5)]
21—t + 2+ 2 50 = 21— (2 4+ 1)+ 2z + 1)+ 2z + 1)+
(x+1)° + ((x—i—l) )]

|[\') Ql

(31 \V]

5 (CBoiicTBa 0 MmaJjioe

at H~ w [\ —
)
Ql
—~
~
~—
I
Ql
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6. o(f") - o(f™) = o(f™™)
7. (o(f))" = o(f")

5.1 ®opmyaa Teitjopa

, IpU X — Xy
5.2 ®@opmynaa MakJjopeHa
(k) (Q
flx) =2 fk—f%! + o(z")
k=0
, ipu x — 0

5.3 Tabiuna pas3jioxKeHnii

=
-

g =1—A'—?—é—l—...—?—ﬁ[.\"]=;m—ﬁ[.\"]
rtox v x .
Il =+ —st— = .= + 0 =% ~o(x™
A T I A TSR
X X’ X
h=less—=.= —F(x =3 ~olx*
FIRE] 2! @) =5 =)
X X T
HN =N —m———— == =o(x =3 (=) —=F(x"
1 ( ](EH 0! ( )= L ]EEFT—IJ‘ ( )
x  x? x xt ;
cosr=1-—=_— (-1 ——— =a&(x* =% [— lts
TR ( J(_-:ajl ( ] ‘:( ](35U' ( )
(1+x)" =1l+my —m[m_n.r" o+ m(m —H0m - 2).. _H_U.L" +T(x" )= ‘?'C‘_'.l" +o(x")
2! nl -
—1711.=l—.1'—.1" S A o =B =2 (-0 +5(x")
1L:l—.\r—n\" =X sLsxt =0ty =20 xt =)
—x o
1 — (28=1)!! _
=1-% +5
T e )
v ooxt T ) o
111E1—1]=1—T—3 —= (=1 ?—GU 1=20-1 T—JEI )
o X" i ¥
In{l-x)=—x —T—T—...—T—ﬁ[\")=—§F—:’(.\"J
-3 -3 : - : -_\; _ el i X ] Y "y t=
arcgin\e\'—L-I——u-IT—,,,—l 35 -@n-D) 2 = o(x "]=,\.'—‘?'7[J_L D '_l
203 24 3 246 -(2m) (2m=1) o2RN2E=1
xox T - : e -
e S S S L Er N = S Y L gy
areigy =X 73 ( j—(i:z—lj Fx—™) ‘_:( 1 oD o(x™)

5.4 IlpencraBiaenue dpopmysioit MakiopeHa pyHKIIHIO

flx)=¢e" /T4 x no o(z?)
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— > 152 > 1 A(2
flx) =1 +z+ %5 +o(x ))(1+§—%+0(m )
Haxonum npejicrasesnus obenx (pyHKIUi 10 HCKOMOTO II0PsIKa
PackpblBaeM 1epByIo CKabJIKy, B KazKJIOM CJIaraeMOM yUHUThIBAEM TOJILKO Te dJle-

HBbI BTOPI'O MHOXKHUTEJIsI, CTEIIeHb KOTOPBIX 110C/I€ PACKPBITUSI BCEX CKOOOK He Ipe-
BOCXOJIUT 2, TO €CThb TOYHOCTHU HpeJICTaBJIEHUs, TOI/a

f(x) = (1422 45(2?))+a(1+24+0(2?) + 5 +5(2?)) = 1+ 4+ 15(22), 2 — 0

5.5 IIpencraBiaenune popmyiioii Teittopa. 3amMeHna nepeMeH-
HOW

Permenne 3aiaun npejicraBienusnn (pyHknun gpopmysioit Teiyiopa B OKpeCTHOCTH
TOYKN Xy # (0 COCTOUT M3 TPEX ITAIOB:

1. Bamenoii nepeMenHoii t = X - X UCXO[HAs 32298, CBOJUTCA K IIPEJICTABICHUIO
dbopmysoit Maxiopena dyukmun g(t) = f(xg + t) mo Toro ke mopsijika o-
MAJIOr0, YTO U MCXOAHAA 33294,

2. Pemaerca 3ajada npencrasienus: gopmyroii Makiopena dbyskmun g(t) =
f(x() + t)

3. BBIIOJIHsIETCA OOPTHAsI 3aMeHa [IePEMEHHOI0, TO €CTh IOJCTAHOBKA BhIParKe-
HUSA T — Ty BMECTO IePEeMEHHOIi t.

y = xe?*; 290 =—1;n =5

l.t:x—aﬁozx+1'>{:t—1
2y_$€ ( ) - e?
%1+%+?”+%—+%—+&ﬁ+dﬁ .

2 4 5 _
(% — )+¢%%—%ﬂ+ﬁ@7—%)+o@%

5.6 Bpruncienune npeaeaoB ¢ momonibio dpopmysinl Teitopa

3 3

. sing— ot (e— 5 o(at)] o e
lim 3% arctgr 101 _ lim [2— % 3 hm r—LX —gx 4+ 4+
:r:—>04 a? ) [0] CL‘—>10 @’ 0% ( 6 3
o(z%)) = lim(z +o(x)) = =

(") = lim (4 + o()) = !
lim 220 — Jip 22
z—0 @’ r—0 7

—/. .m =(m\, .m—k

Jim 227 — iy 2@e™E =0, ecsiu m > k
z—0 * z—0 z

IIpumep: YkazaTh MOPSIIOK MaJIOCTH OCCKOHEYHO MaJioil (PYHKIUN o = 2o —
2sinx + In(1 — 22?) ornocuresbHo X pn X — ()

16



a(r) =2x —2(x — fg—f + % +0(2°%)) + (=223 - 222—5,”6 +0(2%) = 23(2 —2) — 252 —
225”6—;-5(:(:6):%3((2 2)_3522_@_‘_@)

or 31 5! 2! 23
o olx 2
lim Q =——2
r—0 $‘3 3'

5.7 CpaBHeHHe POCTa IIOKa3aTeJIbHOI, CTeIIeHHOil M Jiora-
pudmmudeckoii pyHKITHIA

YrBep:xenne: [Ipu x — 400 jgorapudmudeckast GyHKIINSA BO3pacTaeT MejljIeHHee
CTEIIeHHOM, a cTelleHHas - MeJlJIEHHee ToKa3aTeIbHO:

lim 2 =0

T—r+00
. Inz __ [oo] __ 713 1 _
lim P [&] = lim Foro—1 — 0
r—+00 T—+00
r—+00 &
. m . .m—1 . -1 —2)...2-1
lim & = [2] = lim 25— = .. = lim m(m z)gm m) =0
r—+oo @ o0 r—+o0 @7INA T—+00 a*(lna)

6 IIpunoxenne mudpdepeHnuaaIbHOrO NCUNCICHU
K MccJieJoBaHnIi0 PYyHKINIIi

Bropasi npousBojHas GYHKIUN, €CJIN OHa CYIIECTBYET, MOYKET OBITH TaK »Ke (-
JEKTHBHO UCIIOJIb30BAHA, JIJIsI UCCICJOBAHNS Ha SKCTPEMYM, OIIPE/Ie/IeHUsT IPOME-
JKYTKOB BBIIIYKJIOCTH W BOTHYTOCTH €€ T'paduKa, OTBICKAHUS TOUEK IIepernoa.

6.1 BromykiocTtb 1 BorHyTOCTh rpaduka yHKIuN. Touku
rneperuda

IloHsITHST BBITYKCJIOCTA M BOTHYTOCTHU rpaduka PyHKINN B TOYKE.
[Iycrs dyuknus y = f(x) Taxas, aro f(x), {'(x), {(x) wenpepoisra U(xy)

Bosbmem oy My(xo; yo) Ha Tpaduke 9Toit (DYHKINT 1 TPOBEJIEM KaCATETHHYTO
K KPUBOIl B 9TOIl TOYKE.

Ecmu B U(xg, d) myra KpuBoOit HAXOIUTCA HaJl KACATEJBHOI, TO KPUBas B TOUKE X
Ha3bIBaeTCsl BOTHYTOM

Omnpenenenue: QyHkIys, HelIpepbIBHAST Ha IPOMEXKYTKE, 1 guddepennupyemasi
B J11000I1 €ro BHYyTPEHHEl TOUKe, Ha3bIBACTCA BOIHYTOI Ha 9TOM IIPOMEXKYTKE, €CJIN
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B JII0OOII €ro BHyTpeHHell TOuKe KacaTejbHas K IpaduKy JIEKUT HUXKE CaMOIo
rpadguKa Ha 9TOM IPOMEKYTKE.

To ectp Vg € X°, Ve e X f(xo) + f(z0)(z — x0) < f(2)

-
z

>
O3

Onpenenenne: OyHKISI, HEIIPePLIBHASI Ha, IPOMEXKYTKe, 1 1 depeHimpyemast
B J1I000I1 ero BHYTpEHHel TOUKe, Ha3bIBAETCsI BBIITYKJION Ha 3TOM IIPOMEXKYTKE, eC-
JI1 B JII00OO# ero BHyTpeHHell TouKe KacaTe/bHad K IpaduKy JEXKUT BbIIIE CAMOTO
rpacduka Ha 3TOM IIPOMEKYTKE.

To ectb Vg € X°, Ve € X f(xg) + f'(xo)(x — x9) > f(2)

7 4

Mo
Yot--=-=-

Rl——-—w-.—.—_—

7 " Y

Ecnu xe nipu nepexojie yepe3 Touky M, jayra KpuBoil nepecekaeT KacaTeabHylo,
TO TOUKa X( Ha3bIBAETCSd TOUKOI Imepermnda
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6.2 BomykiocTtb m BorHyTOCTh rpaduka GyHKINN HA WH-
TepBAJIe

KpOMe HOHATHIA BOTHYTOCTH M BBIIIYKJIOCTHX B TOYKE BBE€ICM aHaJIOTMYHbBIEC ITOHA-
THUA Ha HHTEPBaJIE.

[Iycts dyukius y = f(x) onpezesena Ha (a,b), n TOUYKU 1, To TAKOBBI, UTO a <
x1 < x9 < b. Yepes Touku A(x1,y1) nu B(xy,y2) nposegem xopay AB, opauHaTs
koTopoit oboznaunm y. Ouesuino, y(z1) = f(z1) y(xe) = f(x2)

Ecmm Vxy,29 € (a,b) u Vo € (x1,22) = f(x) > y(z), o bynknus y = f(x)
BBIlyKJIa Ha (a,b). Ecmm xe f(x) < y(z), To dyukims y = f(x) Borayra Ha (a,b)

714 7

|
1
|
1
1
1
1
' 1

B

T = = - ——

'

!

i
L 0l & =z

W m e

t + ~—
0 a x, z, x
puc. 1.2.1. Tpacpuk pyrkrvm y = f (x), puc. 1.2.2. I'pacpuk pynaxImm y = f(x),
BBIITYKJIOM Ha (a; b) BOTHYTOV Ha (4; ) ;
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6.3 Teopema 1. /IloctaTodyHOe ycJjioOBu€ BBIILyKJOCTU W BO-
THYTOCTH (PYHKIINNI

Ecm dyuxmus y = {(x)
1. ompesnenena Ha (a,b)
2. HempepbiBHA Ha (a,b)
3. aBaxbl guddepennupyema Ha (a,b), re If'(x), f’(x);
4. f(x) > 0 (f"(x) < 0)
To dyukius Ha (a,b) Borayra (BBIIYKJA)

SICHO, 9TO BOIIPOC O BBIIYKJOCTU, BOTHYTOCTU WJIM TOYKE Iepernda 3aBUCUT OT
3HAKa PA3HOCTH MEKJIy OpJHAaTaMi KpHUBOii n KacarejnbHoit B U(xg), Te oT sgn

d = sgn(f(x) - ay)

A nmenmno:

ecin B U(xg)d > 0, To QyHKIMS BOTHYTa B TOYKE X

eciim B U(xg)d < 0, To dbyHKIUS BBIIYKIA B TOUKE T
ecn B U(zg) tpu x < x9 d > 0, a pu x > z¢ d < 0, mimn,
Haobopot, nipu X < xog d < 0, a npu x > o9 d > 0,

Te d MeHsieT 3HaK HPH Iepexoje depes TOUKY Xj, TO TOUKa T( sABJISIETCS TOUKOI
nepernda

Hoxka3zarenabctBo Ilycth xg - mponsBosibHast Touka Ha (a,b). YpaBHeHne Kaca-
TeJIbHON B TouKe To: § = f(x0) + f/(x0)(x — x0)

20



[To opmyse Teitiopa B U (x0):

F(@) = flxo) + (o) (@ — m0) + f'(e) - 2L e g < £ < @ (mm x < & < ap)
=
d=f@) == f"() - 55t = sgn(d) = sgn(f"(¢))

st © € U(xg) B cuuty HenpepbiBaocTH byHKImn y = f(x), y = {’(x) umeer Tor
Ke 3HaK, 910 'y = ().

Ecmu f"(xg) > 0, To, ciemosaresnvho, u f’(e) > 0, d > 0, a 3nauut, GyHKIUA
y = f(x) Borayra. Ecin f"(x0) < 0, To, caemoBarensuo, u f’(e) < 0,d < 0, a
suaqnT, yHKnusg y = f(x) BeIIyKIa.

-

4= f(=)

N

y=4(z)

o
z

|
|
{
1
]
1
¥
. o4

!

i

1

I

1
0 Zo

6.4 Teopema 2. Heobxoammoe ycioBue TOYKH Iieperuda
Ecmu nis dyaknnun y = f(X) BBITOTHSIOTCS CJIeIyoIIne YCIOBUSE:

1. f(x), f'(x), {’(x) - HEIPEPBIBHBI B TOUKE I

2. f(x) umeem B xy Touky neperuba, To {’(x) = 0 mwin {(zg) = 0o

JokazareberBo: ciejyer u3 reopeMbl 1. Ecim B g f"(x9) > 0 win () < 0,
TO B TOYKE T JIMOO BOIHYTOCTD, JINOO BBIINYKJIOCTH, T€ Ieperuda Her.

6.5 Teopema 3. /locTaTodHOE ycJjIOBHE TOYKH Ieperuda
Ecu nis dyakunu y = {(X) BBIIOJHSIIOTCST CJIe/IyOIIIe YCIOBUE:

1. f(x), f'(x), {’(x) - HEIPEPBIBHBI B TOUKE T

2. mpu nepexogie depe3 xo f”(x) MeHsier 3HAK, TO B X - TOUKA Iepernda

Joka3aTeJbCTBO: cjejlyeT n3 TeopeMbl 1
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6.6 Btopoe mocTaTo4yHOE ycJIOBHE IKCTpEMyMa

[Tycts dbynkius f oripegesniena u aBazkibl auddepeHimpyeMa B HEKOTOPOi OKPecT-
woctn U(xg) Toukn xg, npuiaeMm f'(zg) = 0 (Te x( - crannonaphas TOUKa)

Tormna
1. Ecamn f"(x9) > 0, 10 2 - TOUKa MEHIMYMA
2. Ecom f"(z9) < 0, To 20 - TOUKA MaKkCHMyMa,
JlokazareabeTBO:

1. Myers f"(x9) > 0. Tax kax o ycaosuio f'(zg) = 0, To

_ — T JEomAn)—f(xe) _qi o [(@o+Ar)

c= f"(x9) = lim = lim ——F%—= >0

f ( O) Az—0 Az Az—0 Az

[lo onpenenenunio npegena jand € = 5 > 0 naiigercs 0 > 0, Takoe 4TO
VAz : 0 < |Az| < § BBINOJHEHO HEPABEHCTBO |f(x°A—;A”“) —c < e =3
Bnauny LEEAT) 5 > 0mpu 0 < [Az| < 4. ITosromy: ecm A x < 0

(cimeBa o1 xp), To f'(xg + Az) < 0, a ecsit Az > 0 (crpaBa oT xy), TO
f(xg+ Az) <0, a eciu Az > 0 (cupasa or zg), 0 f'(xg+ Az) >0

f i
5o a :"'_nf"
1%

FP

2. Hns cayuas f”(xg) < 0 10Ka3aTesbCTBO AHAJIOTTTHO

BaMeuaHue: DTa TeopemMa MOXKeT OKa3aTbCs yI00HOi, Korja 3Hak f7(x) ompe-
nensiercst jerko. OHAKo ee HeJI0CTATOK B CPABHEHHUM C HEPBLIM JOCTATOYHBLIM
YCJIOBUEM 3KCTpeMyMa, (DYHKIUU OYEBUJEH: HE BCE TOUKH, II0J03PUTE/ILHBIC Ha
SKCTPEMYM, MOI'YT ObITH HCCJIEJOBAHbLI C [IOMOIILIO JAHHON TeopeMbl. Teopema
HeIpUMeHNMa B CIydasX, Korga B Touke X0 mepBast Ipou3BogHast PYHKIUHT 00-
paiaercst B OECKOHEUHOCTb WM Ke He OlpejiesieHa 1, KoHedHo, korua {7(x) He
CYIIECTBYET.

6.7 Teopema. (Bropoe jmocraroyHoe ycjioBue reperubda)

[Tycts dynknus f aBaxkapr auddeperiupyeMa B HEKOTOPOi OKPECTHOCTH TOUKN
xo, f"(zo) =0, uw f"(xy) # 0. Torna x( - Touka neperuda dyuknun f.

6.8 Teopema. (Tperbe jlocTaTOUYHOE YCJI0BUE IKCTPEMYMA)

[TycTn
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1. dyuxnus f onpenenena n 2n pas jpuddepennupyema B HEKOTOPOil OKPECTHO-
cru U(xg) Touxm
2. fl(zg) = ... = f@ D (z) =0
3. f®")(x) menpepsiBHa B TOUKe I
Tormna
1. ecn f®"(24) > 0, T0 T - TOUKA (CTPOrOro) MHHUMYMa
2. ecimn f@)(24) < 0, T0 ) - ToUKa (CTPOroro) MakcuMyMa

6.9 Tperbe mocraTrodHoe ycjioBUe TOYKH Iieperuda

ITycTh B HEKOTOPOil OKPECTHOCTH TOUKH T - CyIIeCTByeT npomspommas f(n+h)
HermpepeIBHast B Touke xg, npuiem f”(zg) = ... = f@(zg) = 0, a f@(xq) # 0.
Torna x( - Touka nepernoda

6.10 O6mas cxema nocTpoeHus rpadpmnka QyHKIINN

L.

Haiitu obsiacts onpeiesiernst hyukimm. [IpoBeputh Ha 96THOCTD /HEUETHOCTD,
MEPUOINIHOCT. HaliTu TOUkn mnepecevdenns rpaduka ¢ OCaMHU KOOPJWHAT,
IIPOMEYKYTKH 3HAKOIIOCTOsIHCTBa, (pyHKINKM. HaliTn Toukn paspbiBa.

. HaiiTu BepTuKaJibHble, TOPU30HTAIbLHBIE U HaKJOHHBIE aCUMIITOTHI I'padu-

Ka. Berauc/imTh 0JIHOCTOPOHHIE IIPeie/ibl B TOUKaX pa3pblBa U Ha I'DAHUIAX
00J1acTH OIpe IeIeHNUs.

z00pa3uTh cxemy rpaduka 1o pesyabraram I.11.1,2.

BoraucmTh nepBy1o Mpon3BoOjIHYI0 PYHKITUN, OIPEIETUTh KPUTHIECKUE TOY-
KU II0 IIePBOl IIPOU3BOIHOI, OIPE/IC/INTEL 3HAKHU IIPON3BO/HOI Ha ITPOMEKYT-
Kax MeK/Iy KpurundeckuMn Toukamu. CesaTh BHIBOBI O IPOMEXKYTKaX BO3-
pacTanust/yObIBAHUST 1 IKCTPEMYMAX.

Berauc/mmThb BTOPYIO TPOM3BOAHYIO, OMPEACTINTDb KPUTHIECKIE TOUYKH 110 BTO-
POIT IPOU3BOJIHOI, OIIPE/ICJINTH 3HAKN BTOPOIT IIPOU3BOJIHOI Ha IIPOMEKYTKaX
MEKJIy TUMHU KpUTHdecKnMu ToukaMu. CliejiaThb BBIBOABLI O IIPOMEXKYTKax
BBIITYKJIOCTH U BOIHYTOCTH, O TOYKaX Ieperunoa.

HapucoBatb rpaduk. lomnosnurenbHo nHOr/A ObIBaeT yj100HO HaiiTy U Ha-
pUCOBATDH KacaTeJbHYI0 K rpaduKy B TOUKaX Iepernda, B YIJIOBBIX TOUKAX U
T.II.
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