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1 I'pynmsbl

1.1 HeiiTpaabHbIil 3J1eMeHT

*

[Tycts S - mpomsBobHOE MHOYXKECTBO. Asrebpamdeckoii oneparueil ™ Ha MHOMKe-

cTBE S HasbIBaercs orobpazkenne *: S *x S — S

DJIeMEHT € € S Ha3bIBAeTCA HefTpaIbHBIM 3JIEMEHTOM OTHOCUTEILHO Oleparin *,

eCJIH JIJIsT KarKJI0r0 9JIeMEHTa & € S BEPHO

a*xe=exaq=a

YrBepxkenue 1. Heiirpaabubiii 971eMeHT (ecjiu OH CYIIECTBYET) e [MHCTBEHEH.

JloKa3aTeJIbCTBO IIPOBEJIeM OT 00PATHOIO: IYCTh HailyTCs JiBa HeiTpabHbBIX
sementa € € Su e’ € S, e’ # e’ Torua

/ "
€ xe

1.2 CuMMeTpUYHbBIA 3JIEMEHT
st snemenTa a € S 9JIeMEHT a € S Ha3bIBAETCS CAMMETPUYIHBIM, €CJIH
axad =ad *xa=e,
X

rje e € S - HelTPaJIbHbIN 9JIEMEHT OTHOCUTE/ILHO OIepalii ™.

YreepxKaeHue 2. CUMMETPpUYHBIN 3/IeMEHT OTHOCUTEILHO aCCOIMATUBHON Ol1e-
paiuu (ec/in OH CyIIeCTBYeT) eJIUHCTBEHEH.

Jloka3aTejIbCTBO IIPOBEJIEM OT 0OPATHOTO: IYCTh JJjIs HEKOTOPOIO 3JIEMEHTa, a
€ S HallIyTcs JBa CUMMETPUIHBIX 3/ieMeHTa a’ € Su a” € S, a’ # a”. Torua

/ "
a xaxa

al:al*e:a/*(a*a”):(al*a)*a/lze*a/l:a///

1.3 TI'pynmna

MHuozkecTBO S ¢ OIHOI MM HECKOJILKUMU BBEJICHHBIMU Ha HEM OLEePALUsSIMU Ha-
3bIBaeTCs anredbpandeckoii crpykrypoii. Crpykrypa G = (S; *) (1. e. MHOXKeCTBO
S ¢ BBeJIeHHOIT Ha HeM ajrebpardeckoii omneparneii *) Ha3biBaeTCst IPYIIIION, eC/Ii

1. onepamua * acconumarnbHa, T. €. JJId JIO0BIX 3JIEMEHTOB a, b, ¢ € S BepHO
(axb)*xc=ax(bx*c)
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. o * .
2. CymieCTByeT HEUTPAJIbHBIN 9JIEMEHT OTHOCUTEJ/ILHO OIIEpalun ~, T. €. HauJAE€TCA

TaKOil 3J1eMeHT € € S, UTO JJIsl KayKJI0OI'o 3JIeMeHTa a € S BEepPHO

axe=e*xa=a

3. IS KasKJIOTO 3JIEeMeHTa a € S HafiJIeTCst CAMMETPUIHBI K HEMY 9JIeMeHT a’
€ S, T. e. TaKoii 4TO
axad =d xa=e)

Eciu jyist rpymmer G = (S; *) J10MOJHATEIBHO BBITIOJIHEHO, 9TO Oeparust * KOM-
MyTaTUBHA, T. €. JJIsI JIIOOBIX 9JIEMEHTOB a, b € S BepHO

axb=>bx*xa

TO Takas I'pyIla Ha3blBacTCsd KOMMYTATUBHOM, 1 abeJIeBoii.

YrBepxkaenue 3 (npasuio cokparenus ). [lycrs G = (S; *) - rpymma. Torma
eCJIM JIJIsi HEKOTOPBIX 3JIEMEHTOB a, b, ¢ € G BepHO

a*b=a*c(mwmb*a=c*a), Tob=c

HoxkazaresbcTBo. [IycTh sstement a’ € G cuMMeTprIeH OTHOCUTETHHO OTTePATTIH
* K asementy a € G . Daement a’ € G naiigercs, T. k. G — rpynmna. Tora

axb=ax*xc

adxaxb=d *xax*c
/ /
b=exb=(a *a)xb=(a"*xa)*xc=exc=c
YT1BepxKaeHue 4. Tadbauna yMHOXKEHUS KOHEUHOH TPYHIIBLI - 9TO JATUHCKUIA

KkBaJipaT. HamoMmHIo: JlaTHHCKMIT KBaJIpaT - 9TO TabJIUIA YKUCe)I, B KaxKJI0i CTPOKe
I B KaXXJIOM CTOJIOIIe KOTOPOIl 3alliCaHbl BCE 3JIEMEHTHI T'PYIIIILI.

HokazareabcTBo. O0O3HAUNM 3JIEMEHTBI IPYIIIBI Yepe3 dq, aso, . . . , a,. Kakue
9JIEMEHTBI 3allUCAHbl B N-OM cToJib1e? Te, uTo ompene/isaioTcs yMHOKEHUEM @y, *
a1, Ay * A2, Gy * A3,y . - ., Gy * Ay. JJOIYCTUM, 9TO JIBA BBIPAXKEHU U3 9TOTO CIINCKA

pPaBHBI, TO €CTh CYLIECTBYIOT JIBa UHJIEKCA ] U K Takue, 4To a, * a; = G, * aj. Tax
KaK @, IPUBOJIUTCSA B 00EUX YACTSX BbIParKEHUsI, 110 3aKOHY [COKPAICHIs| NMeeM
a; = aj. Takum obpaszoM, B 3TOM cToJI0IE HET ABYX OJMHAKOBBIX 31eMenToB! Ho
TaK KakK I'PYIIa COCTOUT U3 N 3JIEMEHTOB, & B CTOJIONE TaOJINIIBI Hy?KHO 3alliCaTh N
HEIIOBTOPSIONINXCA 9JIEMEHTOB, TO B 9TOM CTOJI0IIe OYIYT 3allCaHbl BCE 3JIEMEHTHI
I'PYIIIIbI




1.4 Tlopsaaok rpynibl U 3JIeMEeHTAa

['pymmia G = (S; *) nasbiBaeTcsi KOHEYHOM, €C/TI B MHOYKECTBE S KOHETHOE THCIIO
ssieMmenToB. Ecin rpynma G = (S; *) KoHeYHa, TO YHC/I0 9JIEMEHTOB B MHOXKECTBE
S Ha3BIBACTCs ee MOPAIKOM 1 obo3Haudaercs |G|

[Iycte G = (S; *) - rpymma ¢ HefitpasbibiM ssiemerToM e. st smementa a € G
HauMeHbIllee HATYPaJbHOEe YHCI0 N (€CTH OHO CYIIECTBYET), TaKOe 9TO

(Q

XA *...%kaq="=¢€

v~
n

, HA3bIBAETCA €ro MOPSAIKOM
Bam MoxKeT moKazaTbCsi, 9TO 9TO OIpeeseHIe He UMEeeT HUYero o0IIero ¢ mpeabl-
JIYIIIAM, HO 9TO HE TakK.

PaccMoTpuM 1IpOM3BOJILHBIN 3JIEMEHT T'PYIIbLI, HapuMep a. Mbl MOXKeM cocTa-
BUTL TPYIHILy cTelleneil a, To ecTh <a> = a,a’,a’.... JlomycTnM, 9To a nmeer
HOPSIJIOK N1 B COOTBETCTBUU CO BTOPBIM OIIpeJie/IeHeM, TO eCThb @' - HeliTpaJIbHbIil
97eMeHT. Torja rnepedens creneHeil OCTAHOBUTLCA Ha a" = e U 3aTeM HAauYHeTCHA
caHavasia. MHOXKecTBO OyieT cojlepKaTh BCEro N 3/1eMeHTOB. V1 9T0 HermpocToe MHO-
JKEeCTBO: < a>>, B CBOIO O4Yepe/ib, SBJISETCS I'PYIIOi: OHO COJEPXKUT HENTpaJsIbHbII
9JIEMEHT, pe3yJIbTaT Ollepalui HaJ| JIBYMs CTEICHAMU a BCErJa PaBEH CTEIECHU a,
1 s71eMenT a” ' aBisercs obpaTHbM i a'. CieoBaTeIbHO, OPSAIO0K SJICMEHTA,

- 9TO IIOPAAOK MHO2KECTBa, COCTOLALIETO U3 €10 crereHeit

1.5 Mauas teopema Pepma

V upoctoro p; V a € Z
a’—alp
1IN

V mpocto p; V afp

a ' —1]|p

Jlemma: [Ij1s1 11000100 IIpOCTOro 4mcja p U LeJoro ducia kK, He KpaTHoro P,

npousBejienns k n aucesn 1, 2, 3, ..., p-1 npu jiejieHnn Ha P B OCTATKE JIAIOT TE
JKe caMble yucsia 1, 2, 3, ..., p-1, BOBMOXKHO, 3alliCaHHblE B HEKOTOPOM JIPYT'OM
HOPSIJIKE.

Joka3zaTebcTBO JIeMMBI: [Ipoussenenne k u jrodoro u3 qucen 1, 2, 3, ...,
p-1 He KpaTHO, cle/IoBaTe/IbHO, B OCTaTKe He MoxKeT 1o yunthbes 0. Bee octarku
pasubie. JlokaxkeMm IocjejiHee yTBep:KieHre oT upoTusHoro. Ilycrs npu

a,be 1,2,3,...,p—1u a# b aBa npoussejenus ak u bk gatoT 1npu jgejieHun
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Ha P OJMHAKOBBIC OCTATKH, TOrjia pasHocTb ak — bk = (a — b)k kparna p, aro
HEBO3MOXKHO, IIOCKOJILKY a - b He Kparno p. Beero cymecrsyer p - 1 pazimyunbIx
HEHYJIEBBIX OCTATKOB OT JCJCHUS HA, P.

HokazarenbcrBo: [lycrs {1, 2, ..., p-1} - HeHyJieBble OCTATKU OT JIeJI€HUST Ha
P, TOTJIa COIVIACHO BBIIIENPUBEIEHHOI JIeMMe OCTATKI OT JIeJIeHUsT et
a,2a,3a,...,(p—1)a-9T0 ¢ TOYHOCTDHIO J10 TIepecTaHoBKHN wuca {1, 2, ...,
p-1}, o a*x2a*3a,...,(p—1)xa=1%x2%x3%...%(p— 1)(mod p). Orciona
a?~1(p — 1)! = (p — 1)!(mod p). [ocennee cooTHOMIEHNE MOYKHO COKPATUTDH Ha
(p-1)!, MOCKOJIBKY BCE COMHOMKUTE/H SIBJISTIOTCST IUCTAMHI, B3AUMHO TIPOCTBIMI C

OCHOBAHMEM D, B PE3yJIbTATe MOJIyTIaeM TpeOyeMoe YTBepzKIeHIe
a?~! = 1(mod p)

HokazarenbctBo 2: (a + b)P = af + C’;ap_lb + C’gap_% + .+ 05—1 + P

Cy = k!(gﬁk)! - /f!((];_—?)!w < Cyy € Z, 7o 1 lf:)!((};_—?)!! €z
ke{l,2,3,....;p-1}=ptklp—Kk)!= (-1 kl(p— k)
%:lEZ:C]’;:pléCgm

(a+b)? = a” + b (mod p)

JanbHeiile BbIYUCIEHUS IIPOUCXOAST IO MOJIYJIIO P
(1I+1)yP=1P+17=2=2°
+1)y=24+1"=24+1=3=3

k € N Baza: Ilycts Bepro, uto (k+ 1) = kP + 17 =k + 1

Ilepexon: loxkaxkem myst k + 1

(k+)+1)P=k+1)P+17, x (E+1)P=k+1, 1O
(k+1)P4+1P=k+1+1=k+2=(k+2)P urn

Hns k < 0 mokaswiBaeTcs aHAJIOTNYHO = Kk € Z = Bripaxkenue a" = a BepHO
s a € Z

3ameganue: /g k = 0 MOKHO TPOBEPUTH PyKamMu
Hnap=2uk <0:
(—k+1)2= (k)2 —-2k+1P= (k) +17
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