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1 OcHoBHBIE omIpeiesieHNns, IPUMePhI

Bajada quddepeHnaabHOro NCINC/IeHIs — HaX0XK/IeHe IIPOM3BOIHOM Win Jud-
depennmasia JaHHON (PYHKIINH,

B mHTerpasbHOM MCYUCICHUN peliaeTcd odpaTHasd 3ajiada: 1o JaHHOW (DyHKINN
f(x) mmercs Takas dyuxmus F(x), arodnr F'(x) = f(x) nm dF = f(x)dx

T.e. JIPYTUMU CJIOBAMU, 110 JIAHHON Ipou3BOgHON min jguddeperimany QyHKINNI
TpedyeTcs BOCCTAHOBUTDL 3TY (DYHKIIHIO.

Onpenenenune: Qyuxius F(x) HazbiBaeTcst MepBOOOPA3HOl IO OTHOIICHUIO K
dbyuximn f(x) Ha HEKOTOPOM TPOMEKYTKE, €CJIN Ha ITOM MPOMEXKYTKe:

1. dysxiusa F(x) mudddepenimpyema
2. F'(x) = f(x) wmm, aro To ke camoe, dF(x) = f(x)dx
Cuenyroniee yTBep:KIeHUe Cpasy CJACAyeT U3 OIPEIe/ICHNs IePBOOOpa3HOI

Jlemmal: Ecim F(x) - Hekoropast iepsoobpasnast st pyukiun f(x), To F(x) +
C rakxke siBJsieTcs epBoobpasHoii st dyuknun f(x)

Bepro u obparnoe yreepxkaenue: [lycrs Fi(x) u Fy(x) - n1Be neppoobpasHbie jiis
dbyuxiun f(x) Ha npomexkytke X. Toria oHU OTJIMYAIOTCSA TOJBKO Ha KOHCTAHTY,
te Fi(z) — Fy(x) = const

HoxkazaresbcTBo: HaiijleM nponsBojiHyo OT PasHOCTH 3TUX T1EPBOOOPA3HBIX:
(Fi(z) — Fy(x)) = Fi(z) — Fy(z) = f(z) — f(z) = 0. Torma, mo teopeme 06
VCJIOBUSX MOCTOAHCTBA (DyHKIME Ha npoMmexkyTke, () — Fy(x) = const

Tepema o0 MHOXKecTBe MepBoobOpasubix: Ecim F(x) - Hekoropas mepBood-
pasnas dyukiuu f(x) na npomexkyrke X, 1o F(x) + C, rige C - npousBosibHast
KOHCTaHTa, MHOXKECTBO BCeX 1epB0o0OpasHbix (hyHKInK f(X) Ha mpomeskyTke X

Ecmm nansr 18e epBoodpasubie Fi(x), Fo(x) oHOI 1 TOIl 2Ke HelpepbIBHOM (hyHK-
nun f(x) HA HEKOTOPOM MPOMEXKYTKE, TO BCIOJy Ha 3TOM IpomexyTke Fi(x) =
Fy(z) 4 const

3ameganue: CylecTBoBaHme 11epBO0OPA3HOI JIIsd JJaHHON (DYHKIMKM HEe O3Ha4a-
eT, 9TO 3Ta IIepBOOOPa3Has BbIPAXKAETCs B KOHEUHOM BHJIE Uepe3 dJIeMeHTapHbIe

dyHKIIN.

Omnepanusa nepexosa K 1MepBooOpa3HoOil MMeeT CBOe Ha3BaHUE - HEOIpeie/IeHHOe
uHTerpuposanue, 1 obozuadenue: [ f(x)dx

Omnpepesierne. COBOKYITHOCTD BCeX MePBOOOPA3HbIX (byHKIMHN f(X) HA3bIBAETCSI
8 HeolpeJIeJeHHbIM HHTerpatoM un obosuadaercs [ f(z)dr = F(z) + C, tae C
€ R, a soipaxenue f(x)dx HasbiBaeTcs MOJBIHTErPAJIBLHBIM Bhipaxkenuem, f(x) -
HOJIBIHTEIPAJIbHOI (DYHKIINEI.



YT1BepxKaenue: /[uddepennmpoBanne n HeolpeeleHHOE NHTErPUPOBaHIe B3a-
nMOOOpaTHbBIE Olepalliil ¢ TOYHOCTD 70 TocTogHHON C

JlokazaTe1bCTBO:
d [ f(z)dx = d(F(z) + C) = F'(x)dz = f(x)dx
[dF(z) = [F'(z)dz = F(z) + C

Cunencrsue: [IponssojiHast 0T HEOIPEAEJTHHOIO UHTErpaJjia paBHa IOJbIHTEIDAJIb-
HOIT (DYHKITNN.

ILOKaSaTeHBCTBo:

(Jf(x) (F(z) +C) = Fl(z) = f()

TeopeMa O CyIIIeCTBOBAHMH IEPBOOOPA3HOII 1 HEOIIpeAeJ I eHHOIO MHTe-
rpaJjia y HenpepbIBHOI (DYyHKIINMN.:

Ecim dynknns f(x) € C(a, b), To na (a, b) cymecrByer nepsoobpasmas F(x) mrs
JIAaHHOM (DYHKIINN U HEOIpeJIe/ICHHBII MHTErpaJl.

2 (CBoiicTBO HeoIlpeaeJIeHHOIO0 UHTerpaJa

1. Narerpas or nuddepenimasia GyHKIME paBeH 9TON (DYHKIUHI ILIIOC TTOCTO-
STHHAs

[dF(z) = F(x)+C
HoxkazarenscrBo: [dF (x) = [F'(x)dx = F(x) +C

2. ﬂucbcbepeHuHaﬂ OT UHTerpaJa PaBeH IMOJIbIHTEIPAJbHOMY BbIParKEHUIO

d([ f(x f(x)dx
,ZLOKaBaTeJIBCTBo: d( [ f(z)dx) = d(F(z) + C) = F'(z)dx = f(x)dx

3. (cBOMCTBO JIMHEHOCTH HEOIPEIETIEHHOTO I/IHTeraﬂa)

[(eLfi(x) + cafo(a))de = e [ fi(z)dz + ¢ [ fo(x)

DTO0 CBOIICTBO IpoBepsieTcs auddepeHInpoBaHueM JIeBOil U IpaBoil dacTu
pPaBEHCTBA € UCIIOJIL30BAHIEM CBOWCTB JIMHEHHOCTH 1 depeHITnPOBAHMSI.

3 Metoapbl UHTEIrPpUPOBaHNUS

3.1 3ameHa IIepeMeHHOII B HeolpeaeJIeHHOM MHTerpaJie

[Toasenenue 1o 3Hak auddepeninalia I0CTOIHHOTO CIaraeMoro



[f(x)de =F(z)+C= [f(x+a)dr=F(x+a)+C
Jloka3aTeJibCTBO: %F(m) = f(z) = %F(az +a) = (F(z+a)) (x+a) =
f(z+a)

[Tonsenenue o 3uaK auddepenimaa moCTOTHHOTO MHOKHTEIS
[f(z)dz = F(z) 4+ C = [f(azx)dz = F(az) + C
Hokazarenserso: L (F(x)) = f(z) = L(L(az)) = L(F(az)) - (azx)’ = Laf(az)

IToasesenne noj suak uddepentmana. Eciu [ f(x)de = F(x)+C, 1o [ f(¢(x))¢' (z)dx =
Jf(¢(x))dd(x) = F(¢(x)) + C

3.2 HaTerpmpoBaHue MO YacTAM
[To nmpaBuy nuddepeHImpoBaHus TPOU3BEICHUS
duv = udv + vdu = udv = duv - vdu,

Otkyna [udv = uwv — [vdu

4 Omnpepeaennblii uaTerpaJji. Murerpaa Pumana

4.1 OmnpeaeaeHHBIT UTTperpaJj Kak IIpeaej MHTerpabHOI
CyMMBbI

Omnpenenenue. arerpaibaas cymMMa,

Pacemorpum dyukimo y = f(x) | onpepesentyio u HenpepbiBHYIO Ha [a,b]. Pazo-
ObeM [a,b| mpou3BoOIbHBIM 00PA30M Ha N YacTeil TOUKAME X1, Lo, ..., Tp_1 G = Ty <
r1 < .. < x, = bn Ha KaxKIoM IIOJIYYEHHOM OTPE3Ke Az; = Tiy1 — T; 1IPOU3-
BOJILHO BBIOEPEM TOUKY €; U BRIYUC/IUM 3Hadenne pyHkinuy B 310 Touke. CoctaBum
cymy,

n—1

fleo) - Azo + fler) - Azg+ ... + flen1) -1 = Z f(e) - Az;

i=0
Ha3bIBAEMYIO MHTErpajbHON cymMoit Pumana mis dyukimn y = f(x) Ha oTpeske
la; b.
Omnpenenenue. Paszduenue orpeska

COBOKYIIHOCTb TOYEK JeJeHUsI OTPe3Ka X, L1, ..., Ty, U IPOMEKYTOUHBIX TOUEK
€, --., €, OyJIeM Ha3bIBATh paszOueHneM oTpe3ka, n 0603HauaTh OYKBOil T. Kaxk10-
My pas30MeHHIO COOTBETCTBYET OIpejle/leHHasI HHTerpaJibHas cyMmMma. VHTerpaJib-
Hag CyMMa, eCTh (PYHKIIHS, Ollpejie/ieHHasl Ha, MHOYKecTBe paszouennii. Obo3HaunM
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aepe3 dy = max;|Ax;| - tnamerp pasouenusi. Yerpemum n — 00, Torja, dp — 0

n—1
1 Bce Ax; — 0, 1 BO3bMEM Ipejiest HHTerpaaboil cymmnr ©  lim > f(€) -z
n—o0 dp—0 i=1

n—1
fleo) - Azg + fle1) - 1. + flen1) - Awyr = Y- f(e) - Az
i=0
Onpenenenne 3. Oupejie/ieHHbIIT HHTEIPAJL.
Ompenenenabiv nHTerpasom Puvana dyaknnu y = f(x) #a orpeske [a; b] HasbI-
n—1
BAIOT IUC/I0 paBHoe J = fab f(x)dx = lim > f(e) - Ax;
dr—0 i=0

Te npu n — 00 u dp — 0 B UPEIIOJIOKEHNN, YTO STOT IIPEAE CYIIECTBYeT U He
saucut or pasbuenust T orpeska |a; b|, T.e. 0T BbIOOpaA TOUEK T1, ..., Ty 1 U €;

Omnpenesienue. Eciu cyrecTByer f; f(x)dz, byuxius f(x) HasblBaeTCS HHTE-
rpupyemoit Ha [a,b]

Teopema cytmiecTBOBaHUS OMPEJIEIEHHONO HMHTETIPAJIa

Hamomunm: dyHKINS Ha3bBaeTCs KyCOYHO-HEIPEPBIBHON Ha [a; b|, ecium stor
OTPE30K MOXKHO Pas3OUTh Ha KOHEYHOE UHCJI0 YacTeil, Ha KarKJOoi M3 KOTOPBIX
dyHKIMS HelpepbiBHA. TeopeMma cylecTBoBaHuA (DOPMYJINPYETCsT TaK:

Ecmm dysknus y = f(x) orpanmdena n KycodHo-HenpepbiBHA Ha [a; b|, To oHa
MHTEerpupyeMa Ha 3TOM OTPe3Ke.

CaencrBue

HTerpupyeMocThb HellpepbIBHOM (DYHKIINK SBJISIETCS YACTHBIM CJIydaeM 3TOoil Teo-
PEMDI.

4.2 Teomerpuyeckuii CMBICJI OIIPE/IEIEHHOTO HHTErpaJia (s
f(x) > 0)

Ha pucynke f(€;)Ax; - miomnab BbIJIEIEHHOTO TPSAMOYTOJIbHIKA, S;, CYMMa ILT0-
maJieil MpsaMOYTOJIbHOB, Te ILIONaJIb (PUIYPHI, OrpaHUYEHHON JIOMAHOW JINHUEIH,
HPSIMBIMI X = &, X = b 1 ocbio OX.

Ecm max Ax; — 0, To jomanas crpemures K rpaduky y = f(x), u S, — S (S -
IJIOIA/Ab KPUBOJIMHENHOM TpaHeLLI/II/I>.

b
BeiBox. Nurerpan [ f(x)dz, rae f(x) > 0, dncienno pasen miomain S Kup-
BOJINHEHOI Tpalenuy, orpaHndeHnoii rpadpukoM HOALIHTErPAIbHON (DyHKIMY,
HPSIMBIME X = &, X = b 1 ocbio OX.

/abf(x)dx =S
6



4.3 CBoiicTBa oIpeieJIEHHOIO MHTErpaJia

1. Ecmy = f(x) > 0ma < b, 10 f; f(z)dz = S > 0 ectb I0MA L KPUBOJIH-
HEHON Tpaleruu.

2. [* f(z)dz =0, 1k Bee Az; =0

3. f; dx = b — a, TK uHTerpajbHas cymma umeer Bug »  Ax; = Axg + ... +
A.Cl,’n_l =b—1

4. fab f(x)dz = — [ f(z)dz, T Bee Az; MEHSIOT 3HAK, ec/u pasOUeHHe OTPe3-
Ka HAUYMHATH OT TOYKH D

CBoiicTBO JIMHEIHOCTH olrpee/IeHHOI'0 HHTerpaJjia

Ecmu fi u fo uarerpupyemsr Ha |a,b] u A,B - npousBosibHble Uncia, TO
b b b
/ (Af1 + Bfy)dz = A/ frdz + B/ fadx

JokazareabcTBo. 1 naTErpasia B 4e€Boil 4acTu
n n
Sp = (Afi(&) + Bfae;))Aw; =

i1=1 1

=AY file)Ar; + BY L fole) Aw;

[To yenosuto > fi(€;,)Ax; — fab fi(z)dx
i=1

Afi(e)Azi + f Bfs(e) Az, =

1 =1

Zn?lfz(ei)Axi — [? fo(x)dz

" b b
Takum obpasom, cymiecTsyer npejen npasoit wactu A [ fide + B [ fodx upn
max Ax; — 0. CiiejloBaTe/IbHO, CyIecTBYeT IpeJiesl JIeBoil yacT Ipyu max Ax; —

0. ITocaenennii ecTo f;(A fi1 + Bfs)dx, ato u TpeboBasoCh J0KA3ATh.
CBOMCTBO aaJUTUBHOCTH OIIPEIeJICHHOrO MHTErpaJia

Ecm ¢ € [a,b], a<c<b, 10 fabf(x)dx = [ f(z)dx + fcb f(z)dx
[Ipu yesioBun, 4To BCe TP MHTErPAJIa CYIHIECTBYIOT

NurerpupoBanne vepaBencrsa Ecmi: 1) dyukunun y = f(x) u y = g(x) unre-
IPUPYEMBI Ha OTPE3Ke

2)f(x) < g(x) st r060TO 3HAYEHUST X U3 HTOrO OTpe3Ka |a; bj

ro [} f(2)de < [} g(x)de



HoxkazarenbcrBo: 1K f(x) < g(x), T0 g(x) - f(x) >, = 10 CBOI/ICTBy 1 f —
f(z)]dz > 0, = 1o coiicTBy JmHeiiHOCTH fabg(x)d f xr)dr > 0= f f

f; g(x)dz
CaoiicTBa OIPEIEJIEHHON0 NHTErPaJIa
Ecnn:
1. dynknng y = f(x) wHenpepbiBHa Ha [a,b]
2. M = mazy f(x), m =mingyf(z)
to m(b-a) < f; f(x)de < M(b—a)

Hokazarenberpo: [nsg HenpepblBHON (DYHKIUE CIPABEIINBO HEPIBEHCTBO M <
f(x) < M, koropoe MOXKHO POMHTErPUPOBATHL Ha OTpe3Ke [a,bl

[Ipu 3TOM B culy CBOHCTBA MHTEIPUPOBAHUST HEPABEHCTB: fab mdxr < fab f(x)dz <
b
[ Mdx

o b o
Ipnvensist cgoiicrso ([, dx = b — a) u cB-Bo JmHeiiHOCTH HOIyIHIM TpeGyemoe
HEPaBEHCTBO.

Teopema o cpegHeM JJisi ONPEIEJIEHHOTO UHTErpaJia

Ecmu dynknus y = f(x) HenpepbiBaa Ha [a; b]

To Ha 9TOM OTpE3Ke HaiijieTcs XoTst Obl 0/JHA TOUKa ¢ € |a; b| Takast uTo ff f(x)dx =
f(e)(b—a)

T.€. OIIpEJICJICHHBIN NHTEerpaJs paBeH IIPON3BeICHNIO JUINHBI OTPE3Ka NHTErPUPOBa-
HUs Ha 3HAUYEHNE TOJIBIHTErPAJIbHON (DYHKIINN B CHEIUAILHBIM 00pa30M BhIOpaH-
HOIT BHYTpEHHEN TOYKe.

HokazarenbcTBo: m(b — a) < fab f(x)dx < M(b— a) (uaTerpupoBatue Hepa-
BCHCTB)

[To cBoiicTBY HENpepPBbIBHBIX Ha 0TPe3Ke (DYHKIMI MOKHO YTBEPK IaTh, YTO (DyHK-
nus y = f(X) npumer Bce MpOMeXKyTOUYHbIe 3HaYeHHst OT m J0 M, T.e. Haiijercs
Takasi TouKa ¢ € |a; b|, aTo

f()_fga

[eomeTpuueckn TeopeMy MOKHO MHTEPIIPETUPOBATL CJISLYIOMIM 00pa30M: ec/iu
dbyuxims f(x) > 0 wa [a; b|, To WIoMmAHF KPUBOMHENHON TPAIIEINN, BhIpaskaeMasi
OLPEJICJICHHBIM UHTEIPAJIOM, PABHA IO IPAMOYTOJLHIKA, OMIPAIOIICrOCs]
Ha [a; b| co crenmanbHo BRIOpaHHOi BBICOTOM f(C) — cM. pHuCyHOK.

HepeMeHHon MHTEerpnpoBaHnunsd MO2KHO 0003Ha4YaATh IIPpOMU3BOJIBHO, T€



f; f(z)dz = fab f(2)dz = fabf(t)dt

5 UVHTterpaJ c rnepeMeHHbIM BEPXHUM IIpeaeIoM

Pacemorpum dynkimio f(x), naTerpupyemyio Ha |a,bl]
[Iycrhb X - Mpom3BoOJIbHAS TOUKa OTpe3Ka |a,b|

3 unrerpupyemoctu f(x) wa |a,b| cirempyer I/IHTerI/IpyeMOCTb f(x) u [ ] Mozkno
cKa3aTh, UTO Ha oTpeske |a,b| samana ynknms F(x f f(t)

Dynknug F(x) HasbiBaeTcst HHTEIPATIOM C IEPEMHHBIM BEPXHUM IPEJIEJIOM

[eomeTpraeckn HHTErpaJl ¢ HepeMEeHHBIM BEPXHUM MPEIEJIOM MOZKHO MPEeJICTABUTh
B BIJI€ MEHSIOMNIEiCs TI0Ma i KPUBOJMHEHHON Tparenny (3aiTpuxoBaftas 00-
JIACTH Ha PUCYHKE).

Teopema(o HEIIPEPHIBHOCTY WHTErPAJIA 110 BEPXHEMY IPeJIeJry )
Ecmu dyuknus y = f(x) - HenpepbiBaa Ha |a; b|, To dyHKIms
= [ f(x)dx neupepbisra Hala; bl.
AD(z) = ®(z + Az) — ®(x) = [T f(o)de — [T f(x)de = [ f(x)de +
faHAx f(x)dx = fxﬁm f(x)dx = Ilo Teopeme o cpeanem = f(c)Ax

Alirilo Ad(z) = Alirgof(c)Ax =0= ®(z) € Cla, b

Teopema o muddepeHNTMpPOBaHN MHTETPAJIa C IIEPEMEHHBIM BEPXHUM
1pejiesioM (MJIU O CYIIeCTBOBaAHUY IIEPBOOOPA3HOIl y HemPePbIBHOM (hyHK-

11N )

Ecin dyuknns y = f(x) nenpepeisra Ha [a; b, To dynkuna O(x) = [ f(z
SIBJISIETCsT arlepBoodpasHoit st y = f(x), 1.e. ' (x) = f(x) uimn, ILp}/FI/IMI/I CJIOBAMII,
[POU3BO/IHASA MHTErPaJa ¢ HePEMEHHBIM BEPXHUM IPEIEIOM 10 3TOMY Ipelesy
paBHa HOJILIHTErPAILHON (DYHKIIIH.

JlokazaTeJibCcTBO:
Barmmiem mpuparierue Gyuknun O (X) ucronb3yst GopMyiIy:
AD = f(c) - Az,c € [z,x + Ax] totmaipy A x - 0 ¢ — X, Te

¥'(2) = lim 257 = lim f(c) = f(x)



6 ®Popmysna Hbiorona-Jleiibnuiia (ocHOBHAsi Teo-
peMa MHTErpaJibHOTO UCYUCIICHNS)

6.1 OcHoBHag TeopeMa MHTErpPAJIbHOTO MCUMCICHUS.

Ecimu dynkuus y = f(x) nenpepsisua na [a,b] u [ f(z)de = F(z) + C, 1o
2 f(x)dz = F(b) — F(a)

JokazaresibcTBO. CoriacHO IpeIbLIyIeil TeopeMe y HelPePbIBHOM (hyHKITUHT Y
= f(x) cymecryer nepsoobpasnag P(x) = [ f(z)dx =

nepBooOpasnast F(x), orinaaercs ot @ (X) HA KOHCTAHTY:
® = [7 f(x)dx = F(z) + C, Vx € [a,b]

Mpux=a [ f(z)de =0= F(a)+ C, 1e C = -F(a)
Mpux=b [*f(z)de = F(z) + = F(b) — F(a)
IIpaBuso

J1j1s1 BBIYUC/IEHEST OIIPEJIEIEHOT0 HHTerpaJia HyKHO:

1. naiitu F(x)

2. seraucsinth F(b) - F(a)

7 3amMeHa nmepeMeHHOII B onpe/ie/IecHHOM MHTerpa-
J1e

Teopema.
Ecan
1. f(x) mempepriBHa Ha [a,b]

2. x = g(t), x’ = ¢g’(t) menpepniBra Ha [a, 5] (|a,b] - obmacTs 3HaueHnit x = g(t)
npu usMenennn t € |a, ()

3. a= g<a>7 b = g(ﬁ)

TO

b 8
/ f(x)dz = / F(g(t)g (t)dt

JlokazaTeibCcTBO.

Pacemorpum JieByto 9acTh OPMYIIbI 3aMEHbI [IEPEMEHHOI f; flz)de = [ f fg(t)g'(t)dt
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Borauemn Fy = F = F'(g(t)) - g'(t), F'(g9(1)) = F'(x) = f(x) = f(g(t))
Takum obpazom, F} = f(g(t)) - g0 = F(g(t)) - mepBoobpasnast mjist byHKINNI
f(g(t)) - g ma o, S

PaceMorpunm npasyio 4acTh JoKasbiBaeMoii hopmysbl [ (f flg(t)-¢'(t)dt = F(g(B))—
F(g(a))

Taxum o6pazom, ff flg(t)) - ¢'(t)dt = F(b) — F(a), aTo 3aBepIiaeT J0Ka3aTe/Ib-
CTBO TEOPEMBI

3ameuanue 1. [loguepkneM, 4To 1Mpu 3aMeHe MTepEMEHHOI B OIpPEJIeJIEHHOM MH-
TerpaJie 0coboe BHUMAHNE HYKHO YJIEIITh ONPEJIeICHIIO HOBBIX MPEJICIOB MHTE-
I'pUpOBaHUE.

ameuanue 2. OT™MernM, 9TO IPU BCEil cxoxKecTu HpuMeHeHusi (popMysr 3ame-
HBI TIEpEMEHHON B HeolpeJie/IEHHOM U OIpe/Ie/IeHHOM MHTerpaJjax, NMeeTCsl BeCh-
Ma BayKHOE UX OTJIMYNE: ITPU BBIYUCJCHUN OIPEJICJIEHHOTO MHTErpaJjia He HYyKHO
BO3BpAIIaThCd K UCXOIHON MTepeMEeHHONH, BMECTO 9TOTO MPOCTO MPOM3BOIAUTCS CO-
OTBETCTBYIOITee U3MEHEHNE MPeJIeSIOB NHTETPUPOBAHUS.

8 @opMmyJibl MHTEIPUPOBAaHUMA II0 HacCTdM B OIIpe-
JOeJTHHOM MHTerpaJie

Teopema. Eciin u(x) n v(x) mmeror Ha [a,b| HenpepbIBHBIE TIPOM3BOIHBIE, TO

[P u(@) (@)de = (u(z)o(@))]2 — [P (z)o(z)de, nm

b b
/ udv = uv|’ — / vdu
a a

HoxkaszarenbctBo. [1o npasuy auddepeHimpoBatist mpon3seienns uveeM (uv) =
u'v 4 ur’

BbInoiHIM TTOYIEHHOEe MHTErPUPOBAHIE 3TOI0 PaBEeHCTBa Ha [a,b]
f;(u’v + uv')dxr = fab(uv)’dx = fab wvdzr + fab w'dr = fab(uv)’dx

CymiecTBoBaHIEe KaK/I0T0 I3 HHTErPasIoB obeciiedeHo yeaoBreM teopeMbl. C yaeTom-
N b
coornomennit v'dz = du, v'dz = dv, [ (w)'dz = w|’, u3 nonyuennoro pasen-
" b
cTBa I/IHTberaJIOB CJIeJlyeT CIPaBeJINBOCTD TOKa3biBacT™MOi dopmyinl [ udv =
woll — [ vdu
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9 HecobcTBeHHbIe MHTETrPAJIbI

[ f(z)dz upennonaraer, uro 1) a,b - koneunsle uncia 2) f(x) - orpaxnyena Ha
a
la,b| (HeoOxoMMOe yCIOBIE HHTErPUPYEMOCTH )

Ecnn napymiaercs yciaoBue orpanundennoctu 1mo ocu OX, Mbl MOJIydaeM HecoO-
CTBEHHBINI MHTETPAJI IEPBOTO pojia, OH OyJIeT 3alNChIBATHCS CJETYIONMNM 00pa30M

Ecnu napymaercs yciaoBue orpanumdeHHocTH 110 ocu Oy, MBI IOJydaeM Heco0-
CTBEHHBINT MHTErpaJl BTOPOTO Pojia, OH OyJieT 3a1ical B BUJIE

1o yukiust f(X) He orpaHnYeHa B OKPECTHOCTH JIEBOTO UJIU [IPABOTO KOHIA [a,b]

9.1 HecobcTBeHHbIII HHTErpaJ MeEpPBOro pojaa

[Iycts dynknns y = f(x) HenpepbiBHA Ha TPOMEKYTKE & < X < +00 U UHTErPH-
pyema Ha Jito0oil ero yacTu

Onpegnenenne. HecobeTBeHHBIM HHTTEPAJIOM IepBOroO poja GyHkmn y = f(x)
Ha [POMEXKYTKE [a,+00) HA3bIBAETCsI MPEJIe/T OIPEIeIEHHOIO UHTerpasia Ha IIPO-
MexKyTKe |a,b| mpu b — +00

" f ez = hm/f

a b—+o00
E i e d

CJI CYIIIeCTBYET KOHEYHLIN IIpeaes, MHTerpaJl fa f(x)dx maswbiBaETCSH CXO/IS-
IIUMCS.

B npoTtuBHOM cjiydae - pacxoisdiiuMest

HecobcTBennblii nHTErpall ¢ 06CKOHEHUYLIMI HIXKHIM U BEPXHUM IIpEJIeIaMu OlIpe-
JIeJIACTCS 9epes3 CyMMY
+00

f(z)dr = /_C f(z)dx + f(z)dx

+00

+00 7
rie ¢ € R Wnrerpan [ f(x)dx cxoaures, ecim cXoAATCsl HHUTErPAJIBI B PABOIL
YaCTH PABEHCTBA
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9.2 T'eomerpudeckuii CMBICJ CXOAAMIIXCS HECOOCTBEHHBIX
MHTErpaJioB

[Iycts y = f(x) menpepsiBra Ha [a,4+00) u f(x) > 0, Vo € [a, +00)

Torna fab f(x)dx - maomaap KpBoJIMHEHHOf Tpamenuy ¢ ocHoBaHueM [a,b|, orpa-
HUYIEHHON cBepxy Kpuboil y = f(x)

= Ecin HecoberBennbiit naterpas ot y = f(x) mo |a, +00) cxoaucrs u pasen
S, TO mojiaratT, 9To 00J1acTh, orpanudentasi Ox, Kpupoit y = f(x) u npsmoit x
= a uMeer wioma/ap S. B nporuBHOM cjydae roBOPUTH O ILIOMIA/U yKA3aHHOMN
00J1aCTU HEJTb34

I'eomeTpudeckn cXOAMMOCTh MHETTpaJia O3HadaeT CYyIeCTBOBaHUE KO-
HEeYHOI IJIONIAAM IoJ O0eCKOHEeYHOIl KPUBOIi

9.3 C(CBoiicTBa HECOOCTBEHHOTO MHTErpaJjia mepBoro poja
[IepenocsaTcsa HEKOTOpPbIE CBOMCTBA OPIEIJICHHBIX HHTETIPAJIOB

Kpome Toro, Jiisi HeCOOCBEHHBIX MHETTPAJIOB CYIIECTBYeT 0000IeHne (DOPMYJIbI
Hriorona - Jleitonuia

[Tycrs F(x) - nepsoobpasnas st f(x) na [a, +00)
Torga Vb € [a, +00] nmeem

[} f(@)dz = F(z)|; = F(b) — F(a)

= lim [’ f(z)dz = lim (F(b) — F(a))

b—-+o0 b—+oo
“+00 . . .
= [ f(z)dx = bginoo F(b) — F(a)

O6osnaunm  lim F(b) — F(a) = F(x)|f*

b—400

[T f(z)dw = F(z)[f* = lim F(z) — F(a)

r——400

@opmynty HasbiBaloT obodmenneM gpopmysisl Heiorona - Jleiibauma s necoo-
CTBEHHBIX WHTErPAJIOB 110 IPOMEKYTKY [a, +00)

Cxo/iuMoCcTh HECOOCTBEHHOI'O MHTerpaJa [ poja o3HadaeT, 4To y HepBOOOpa3HOIt
CYIIECTBYET Ipejiesl Ha OeckoHedHocTn = Ecin nmepBoobOpasnas Haxomucs depes
sJIeMeHTapHble (DYHKIHN, TO MOYKHO HAWTH Takoil mpejies1 (Te BBIUUCIUThH HECo0-
CTBEHHBIN MHTErpaJ) WK XKe yOeIUThCs B OTCYTCTBUM 9TOTO Mpejiesa
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9.4 llpusHaku cpaBHEHUs
Teopema (1-it npu3HAK CpaBHEHWUs).

1. Ha mosynpsimoit x> a 3ajaubl jiBe HelpepbiBHbIE DyHKIWNA Y = f1(z) 1y =
fa(x)

2. p1s moboro x € [a,4+00),0 < fix) < fo(x), To:

(a) Ecau uarerpad f;roo fo(x)dz cxopgamuiicst, TO U WHTErpaJ f:oo fi(x)dz
TaKzKe CXOAAIINIACA

(b) Ecomunrerpan [, fi(x)dx - pacxomsmuiics, To n mnrerpan [, fo(x)dz
TaKzKe PaACXO/IATINIC

JlokazaTeJibCcTBO.

Tk fo(z) > fl( ), TO mijist JiE0boro b > a 1o cBoiicTBaM OHpe,B;eJIeHHOFO UHTErpaJia
CJIe,HyGT f fo(z)dx > f fi(z)dx. Ho unrerpas f fo(x)dx cxomgamuiics, Te
f fi(z)dx < f +oo fo(x)dx. Kpome Toro, ¢ poctom b mHTErpast cjieBa MOHOTOH-

HO YBEJIUYUBAETCH, CJIEJOBATEILHO, CYIIECTBYET bETm f; fi(z)dx, Te unrerpan
I T f1 (@) dx exomuTest.

Bropoe yTBep:KaeHIe SIBACTCS CIICJCTBIEM JIOKA3AHHOTO.

Teopema (2-it Tpu3HAK CPBHEHMUST)

Eciu Ha mosympsiMoii X > a 3aJiaHbl JBe HeoTpuilaTesibuble dhyHKImn v = f(X) u

y = g(X) u cymceTByeT KoHeuHbIi npegesn  lim o) — k npuuen k # 0; 00, TO
z—+o0 9(T)
HHTErpaJibl fa f(x)dz un f x)dT CXOIATCS WM PACXOJSITCST OJJHOBPEMEHHO

9.5 AOCOJJIOTHO 1 yCJIOBHO CXOJIAINNECS MHTErPaJIbl

Omupenesienue. Vurerpast fjoo f (x)dz naspiBaeTCst AOCOTIOTHO CXOJIATIUMCST, €C-
JIM CXOJIUTCST MHTErPAJT f;oo |f(x)|dx

o) 1 T f(x)d

npeaenenne. Uurerpan [ f(x)dr naspiBaercs yCI0BHO CXOZSIIUMCS, €CIH
_|_

caM HHTerpaJ cxoiured, a uurerpan [ | f(xz)|dx - pacxomures

Teopema( 06 abCOJIIOTHOI CXOAUMOCTHA MHTETPAJIOB)

Ecan exomurest nnrerpan [ | f(x)|dx, To u wnrerpan [ f(x)dx Toxe cxo-
JITCSE
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10 HecobcTBeHHbIll HHTErpaJJ BTOPOTO Pojia

Onpenenenne. HecobeTBeHHBIM HHTErPAJIOM BTOPOro poja dyHkmun y = f(x)
Ha TIPOMEKYTKe [a,b) HasbiBaeTcs Mpejiesie OlpeIeIeHHOrO HHTerpajia Ha IPOMe-
Kykre [a, b - €) npu € — +0

b b—e
/ f(z)dx = lim f(x)dx

e——+0 a

. b
Elcymm cymecTByeT KOHEUHBII IIpejie)i, HTerpaJl fa f(x)dx HasbiBaETCS CXOAAINM-
csl

B nmpoTtuBHOM cjiydae - pacxoadiiiuMest

Brranciienne NHETTPaJIa CBOAUTCA K BbIYMCJICHUIO IIPpEae/Ia

b b—e
/ f(z)dx = lim f(z)dr = lim F(x)|> ¢ = lim (F(b—€) — F(a))

e—+0 a e—+0 a

Eciu dbynkinus y = f(x) HeprpepbIlBHa Ha TPOMEKYTKe & < X < b 1 uMeeT pa3pbiBa
BTOPOT'O POJjia B TOUKE X = &, HeCOOCTBEHHBINI MHTErPaJl BTOPOT'O POjia ONpPeIeIst-
eTcsl aHAJIOTUYHO TIPEeJIbIIyIIeMY

b b
/ f(x)dx = lim f(z)dx

e—+0 ale

Ecmu dyukiust y = f(x) umeer paspbiB BTOporo poja B Touke X = ¢ ¢ € (a,b),
HecOOCTBEHHBIIT MHTErpaJsI BTOPOTo pojia Ha MPOMEKYTKe |a,b| onpenensiercs cie-
JIYIOIIM 00pa3oM

b c—e€ b
/f(:c)dx: lim f(z)dz + lim f(x)dx

614)+0 a 62%4’0 e

10.1 IIpusnak cpaBHeHUs

Teopema. Eciin wa [a,b) omnpejesenbl u HenpebpHbl B¢ (DYHKIUH, CBS3aHHbBIE
aepasencTBoM 0 < fi(z) < fo(x), m unTerpas or GoJbIeil (DYHKIIUI CXOIUTCS,
TO, CJIEJIOBATEJILHO, CXOAUTCS U MHTErpaj OT MeHbIel (PYHKIMU. AHAJOIMYHO,
ec/Ii MHTErpaJl OT Mebleil GyHKIMI PACXOJNTCs, TO PACXOIUTCS U MHTErPasl OT
bosbIelt PyHKITUN.

AHAJIOrTYIHO, BBOJSITCSI IOHSITHS a0COJIIOTHON U YCJIOBHOM CXOMMMOCTH JIJIsT HECOO-
crBeHHOTO MHTerpaJga Il poga
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11 VHaTerpaJjbl cMeHIaHHOI'O THUIIA

Omnpepesienne. [lycrs dynkuus f(x) onpenenena Ha mpsiMoit -00 << X < 00 U
MHTErpupyeMa Ha KazKJIOM CerMeHTe, IPUHAIIesKAIEM 3TOH MPAMOii.

Bynem roBoputh, uro dyukiusa f(x) uarerpupyema mno Korm, ecim cyrecrByer

KOHEYHBIN IIpe/JieI
+00 +B

f(x)dxr = lim f(x)dz

B‘)‘FOO B

B sTom ciydae roBopsT, 9T0 MHTErpaJi 1 pojia CXOAUTCA B CMBIC/IE TJIABHOIO 3Ha-
YeHudd

YrBepxkaenue. Ecin {(x) neuerna, 1o ona unrerpupyema 1o Ko u rjiaBHoe
3HAYCHUE PABHO HYJIIO.

+00 +B

f(x)dxr = lim f(z)dx =0

B—)+OO —-B

Eciu f(x) gernasi, To oHa nHTErpHpyeMa 1o Ko THTT, Korja CXOuTCs Heco0-
CTBEHHBIIT MHTErpaJ

Jloka3aTebCTBO.
[ fyde = Nim [ f(a)de =2 lim [ f(x)d
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