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1 Panr marpuiibl

Ecnun B marpuiie A BbIOpaTh Mpou3BoJbHbIE K ¢TpoK 1 k cTOJIONOB, TO TOJIYyYUM
KBaIPYTHYIO MATPUILy k-To nopsjika. OmpeaenTesb 9TOH MATPUITIHI HA3bIBACTCS
MUHOPOM K-To mopsiaka

Onpenenenune: Panrom MaTpuilbl Ha3bIBaeTCsI MaKCUMAJIbLHBIN TOPSIA0K OTJIY-
HOI'O OT HYJISI MUHOPa 9TOI MaTPUILHI.

[Tpumep:

12 3 1 2
A= <4 5 6)A—|4 5|—MI/IHOp 2-T0O TOPsAJIKA

A # 0= rangA =2

1.1 CaoiicTBa paHra MaTpUIlbl
1. g marpunsr A pazmepom m X n rang A < minm;n
2. Ilycrs A - kBajipaTHasi MATPHIA -T'O MOPSIJIKA, TOTJIA
(a) Ecm |[A| # 0 = rang A = n
(b) Eciu |[A] = 0 = rang A < n
3. Panr marpunpst = 0 < A - "yjeBast MaTpura
4. Panr MaTpurbl He MEHsIETCsI [IPU ee TPAHCIIOHUPOBAHIN

Onpenenenne: [Iycrs rang A = r. JI1000ii, OTJINYHBIN OT HYJIsSI, MUHOD HOPSIIKA
I 9TOIl MATPUIIBI HA3BIBAETCS OA3UCHBIM MITHOPOM.

Teopema: Panr maTpuibl paBeH MaKCUMAJILHOMY YHCIY JIMHEITHO HE3aBUCHUMBIX
CTPOK HJIN CTOJIOIIOB MaTPHILHI.

JokazaresbcTBO: [lepecrapiisist ¢cTpoKM 1 CTOJIONBI MATPUIIBI A, Oy IHM:

/all e A1y | atr+1 aln\
M |
A . ar]_ cee arr | arﬂ"_f_]_ cee arn
Ar411 v e e Qr41n

\ Am1 Amn )

M| £ 0
rang A = r M - 6a3ucHbIil MUHOD

Panr IIpK1 3TOM HE€ M3MCHUNJICA



[TycTn

Cllj

- a2; - -

U = — j-it cronben maTpuil A: j =1, ..., n
amj

CLlj

- a2;
wj

CLrj

¥y - smHelino HezapucnMa, TK | M| # 0

[Ipenmonoxxmm, 9To Y. IUHEHO 3aBUcHMa. Tor1a CyIecTByeT HeTpuBUaIbHALd JTH-
HefiHast KoMOuHAINA: A\1U] + ... + A0, = 0 & Aja;1 + Aaaio + ... + A\paj = 00 =
1,....m

B gactrOCTHM ITpu 1 = 1,..., T UMeeM:

MWy + ... + MW, = 0 - nporuBopedne, TK > - JUHEHHO HE3aBUCHUMa = X -
JIMHEITHO He3aBUCUMa

Takum 00pazoM, CyHIECTBYIOT T JIMHEHHO HE3aBUCUMBIX CTOJIOIOB.

Pacemorpum X' = {4, ..., U, Uy }, 1€ U, - cTos10er MaTpuiipl A

Paccmorpum
aix ... Qir Qi1p
M
A; =
Qr1 ... Qpp Gpp
i1 ... Qi Qp

1.1 <i<r= A, uMeer JaBe 0JIUHAKOBLIE CTPOKN = A\; =
2.1>r= A;-vunop (r+1)-ro nopsaka marpurpl A = A; = 0
TK rang A =
Paznoxkum A; 10 mocsenneit cTpoke:
A;=apAy+ ... +a A+ aip‘Ml =0

Aj 3aBUCAT OT P, HO HE 3aBHCAT OT i, TK : j — 1,....r

Tk M| # 0, To
A A’]" . ; —_—
Ajp = —ma“ e T Qi = 1,....m



ALy A,
A A=

O6o3nauum \; = —

Aly ooy Ap HE 3ABHCAT OT 1 = U, = \U1 + ... + A0, = X' - siHeitHo 3aBucnMa,
Taku obpazowm, j00bIe T + 1 cTOJIOIOB JMHEIHO 3aBUCHMbI

CaencrBue: rang A = dim L(¢, ..., 0,), tae L(¥, ..., 0,) - guneiing obosiouka,
OPOZKIeHHas MaTpuIeit A

3amedanue: PaccMoTpeHHast HAMI TeopeMa JIeYKUT B OCHOBE OJHOTO U3 METO-
JIOB BBIYNUCJICHU paHra MaTPUIlbl - METO/[a OKANMJIAIONINX MUHOPOB: HaJId HEKO-
TOPBIl, HE PaBHBIN HYJIO0 MUHOP, MOXKHO IepedupaTh JIMIIb OKAIMJISIONINE €ro
MUHOPBI.

TeopeMa: Panr [IpousBEACHN A MaTPpHUI HE IIPEBOCXOJUT PaHT'a K&)K,HOPT "3 1iepe-
MHOZKa€eMbIX MaTpPHUIL Te

rang(A - B) < min{rangA;rangB}

JlokazaTeJibCcTBO:

ay ... Aaig bir ... biy, di1 din
A=1 .. mxkB = | .. kxnA-B =D =

Am1 Amk bk:l bkn dml dmn

PaccMoTpum BEeKTOPEI

ai; dyj
Uy = | ... | —i-if crosnben Marpuipl Aw; = | ... | — j-it crosnben maTpunbsl D

Ay dm J

dij = ainbij + ... + aiby;  (1.1)

= Wj = byv1 + ... + b0k j = 1,....m

B pasencrse (1.1) j sacdukcupyem, ai = 1,...m
= W = byt + ... + bl =1,...,n

= U_fj c L(Ul,,ﬁk) = L(lﬁl,,’lﬁn> C L(ﬁl,,ﬁk) = dlmL(lﬁl,,ZBﬂ) <
dimL(vy, ..., 0;) = rang(A - B) < rangA

Anastornano nokassiBaercs, 1o rang(A - B) < rang B (paccmarpuBaior 1mo cTpo-
KaM) KBaJIpaT



CrnencrBue: Panr MaTpuilbl He MeHsIeTCsI ITPU €€ YMHOYKEHNN Ha HEBBIPOXK JICHHY IO
MaTPUILY

HokazarenbcTBo: Paccmorpum npoussesierne A - B, |B| # 0
rang(A - B) < rang A

A=A.-B-B1'Y)=(A-B)- B!

rang A = rang ((A - B) - B™!) < rang(A- B)

= rang(A - B) = rang A urn

2 JJjieMeHTapHbIE IIpeobpa30BaHIs MATPUI]

2.1 Teopembl 00 3jIeMeHTAPHLIX ITPEOOPA30BAHUAX MATPUIL
K sjtemenTapHBIM IIpeoOpa3oBaHUsAIM MATPUIBI OTHOCAT

1. IlepecranoBka MecTaMu JBYX CTPOK(CTOJIOIOB)

2. YMHOXKeHUEe CTPOKM Ha YUCJIO, OTJIMIHOE OT HYJIsI

3. Ilpubapyienne K sjeMeHTaM OJIHON CTPOKH COOTCBTECTBYIONIUX 3JIEMEHTOB
JIPYTOil CTPOKM, YMHOYKEHHBIX Ha JII000E YHC/I0

4. JlobapjeHne WJn UCKJIOUYEHNIE HYJIEBOI CTPOKU

Onpenenenue: KpajpaTHyio JiaroHajJbHYI0 MaTPHUILYy ¢ HEHYJIEBBIMU 3JI€MEHTA~
MU 110 JIMaroHaJii Ha3bIBAIOT IIPOCTeiIei

Teopewme: JI100y10 MATPHUITY € TIOMOIIIBIO 3JIEMEHTAPHBIX TPEodpa30BaHUil MOXKHO
IPUBECTU K IIPOCTeiiIeMy BUJLY.

okazaTeabcTBO: Ecim B mMaTpuile ecTh HeHyJIEBbIE 3J€MEHTBI, TO €€ MOYKHO
PUBECTH K CJICIYIONEMY BHJLY:

bll bll
ar ... QAip bg bz[
A= .. — Lo
am1 ... @
mn o bkl bkl

rae by # 0

() b21 (¥
HaJiee Ko 2-0it cTpoke mpudapisieM 1-yio, YMHOXKEHHYIO Ha o K 3-eil cTpoke

npudapjsgeM 1-yio, YMHOXKEHHYIO Ha _% U TI



B pesysibTare 1mojiyauM MaTpHILy:

b1 ... ... by
0 c2 Col
0 ¢ Cpl

Hanee ko 2-My cTos01y npubasisieM 1-il, yMHOXKEHHBII Ha —% K 3 npubasum 1

YMHOZKEHHBIIT HA Zﬁ n TJ1
Teopema: Panr maTpuiibl mpu 3/ieMeHTPaHbIX TPe0OPA30BAHNAX HE MEHSIETCS.

oxk-Bo: JlakarkeM i1t CTOJIONOB JIJIsI 3 9JIEMEHTapHOTO ITPeodpa30BaHus, Te IPHU-
OaBJieHEe K 3JIeMEHTaM OJIHOI'O CTOJIOIA COOTBETCBTYIONIMX 3JEMEHTOB JIPYyTIOro
cT0JI011a, YMHOYKEHHBIX Ha JII000E 91CJI0, He MEHSIeT PaHIra, MaTpPHILL.

BocrosibayeMcst TeM, 9TO paHD MaTpuIilbl A paBeH pasMepHOCTH JIMHEHOi 060-
JIOUKH, MOPOKjieHHoit Marpurieir A: rang A = dim L(Vi, ..., V,), tae Vi, ...V, -
CTOJIONBI MATPHUITHI A.

[Tokazkem, uro L(Vy, ..., Vi), ...V}, ..., V) = L(Vi, .., Vi+ AV, L, VG, o, V)

—

) Vi s V)
R

O6o3naunm M = L(Vl, LV

~.

N = L(Vi,.. Vi + AV, ...V,

<.

OueBujgao, uro M C N
HoxazkeMm Tenepb, aro u N C M
Bosbmem Vi € N

T= MV ANV A+ A NV A ANV = MV AV
AA+N))Vi+ .+ Vy=UdeM=>NCM=M=N

J11s1 ocTaJIbHBIX 9JIEMEHTAPHBIX IIPpeodPa30BaHmil JOKa3aTE/ICHLCTBO OYEBHUIHO.

Teopema: C nomoripio sjeMEHTAPHBIX TPeodpa30BaHUil TOJHLKO HaJl CTPOKAMU
MaTPUIlbl HEBBIPOXKICHHYIO MAaTPUILY MOZXKHO IIPUBECTU K €IMHUYHOIL.

JlokazaTeJibCcTBO:
bi1 b2 ... bip
air ... Qip (1)1 b12 bl b22 bgn
A: N 22 2n |~ %O;bll 7&0
an1 ... Qpp 0 b . . bnn bng bnn

U Tak Jlajiee 1oJIy4aeM BEPXHETPEYTOJIbHYIO0 MaTPUILy



3areM 110 aHaJIOrnn I[moJiydacM HYJIM HaJ AHalrOHaJibio, T€ IIOJIydaeM Jual'OHaJlb-
HYIO MaTpuly C HEHYJIEBBIMHU JHal'OHAJIbHBIMMA 3JIECMEHTaMU, TE HpOCTeﬁLHyIO MaT-

puny

[asee mepByio CTpOKY JIeJ UM Ha (1, BTOPYIO CTPOKY - Ha g 1 TJ. B pesynbrare
[OJIYYUM €JIMHUYHYIO MaTPUILY.

3ameuanue: Kaxxoe sjieMenTpanoe mpeobpazoBaHue KBaIpaTHON MATPHUITHI MOXK-
HO 3aMEHUTH YMHOYKEHUEM ee Ha HEKOTOPYIO HEBBIPOXKIeHHY 0 MaTpuity. [lokaxkem
9TO JIJIs CTPOK HA MPUMepe MAaTPUIbl 3 MOPsiIKa (JIJIs HALJISTHOCTH ).

aj; a2 a3
1)A = | as ax asxs
az1 az2 as3

bBepem elnHMYHYI0 MaTpUILy

B —

O O =
o = O
—_ o O

n MeHsieM B Heil MecTaMu TepBble 2 CTPOKU. B pesyabrare MOJIydInM MATPUILYy

B:

o = O
o O =
—_— O O

Hagee ymuzkoum marpuily B Ha maTpuiy A:

ag1 Q22 G23
B-A=|a; app as

a31 azz2 ass



2) YMHOKUM BTOPYIO CTPOKY €JIMHUIHON MaTpuiibl Ha A. B pesyibrare mosydnm

MaTpUILy
a;p; aig as
= (C-A= 1| Xasy Aas Aasg

asi aza  Aass

C =

OO =
O > O
—_— O O

3) Ko Bropoit cTpoke euHUIHON MATPUIBI TPUOABUM MEPBYIO, YMHOKEHHYIO HA
A. B pesyibrare mogydnM MaTpHILy

1 00 ail a1z ais
D=|AX10|=D-A=|Xai1 +as1 Aajs+ ax» )\a13 + a93
0 01 asy aso ass

2.2 IIpakTnyeckuii cmocod HaxoxKJIeHNsT oOpaTHOI MaTpu-
bl (MeTOo/1 3JIEMEHTAPHBIX Mpeobpa3oBaHMii)

I[Iycrs A - HeBbIpOXK IeHHAS MaTpuna = JA~! - obparHas Marpuna. C HOMOITBIO
9JIEMEHTAPHBIX IIPEo0Pa30BaHUil MATPUIY A MOXKHO NPUBECTH K €JIUHUIHON =>

Q- Qr.. Q- A=E noA ' A=F

B cuy emHCTBEHHOCTH OOPATHON MATPHITY MOJTYUNM

A =Q1- Q... Qn-E

Takum 06pazoM, [ist TTOJIyIeHnsT OOPATHON MATPHUIIBI HY?KHO K CTPOKAM €/ THHI -
HOI MATPHIIBI IPUMEHHUTD T€ YK€ SJIeMEHTapHbIe TPeodpPa30BaHNs, KOTOPbIE MTPH-
Bojigl T MaTpuily A k exunuunoii: (A|EY(E|A™)

3 Cucrema JmHeiinbix ypaBuennii. Meroa I'aycca

3.1 Cucrema JuHeliHbIX ypaBHeHUii. OCHOBHbIE TTOHATHUSA

Omnpenenenne: CucreMoil TUHEHHBIX YpaBHEHNI HA3BIBAETCSA COBOKYITHOCTL yPaB-
HEeHUl BUA:

alxry + ... + ALy — b1
(3.1)
11 + oo + ATy = bm
a;j €R; b eR;, i=1,...,.m; j=1,...,n

T - Hen3BeCTHbIE (IIepeMeHHbIe)



b; - ¢cBOOO/IHBIE IIEPEMEHHbIE

Omnpepesienne: Perennenm cucrembt (3.1) HasbiBaeTs: Takas yHOPSIOYEHHASI CO-
BOKYITHOCTb 1Hcyia & = (aq, ..., o) € R" (R - n-mepHoe apudmerndeckoe mpo-
CTPAHCTBO), €CJIU IPU HOJCTAHOBKE ITUX UYKCEJl B CHCTEMY BMECTO HepeMEeHHBIX
X1, ..., L, COOTBETCTBEHHO, KayKJI0€ YpABHEHUE CUCTEMbl OOpalllaeTcst B BEPHO pa-
BEHCTBO.

Onpe;:LeﬂeHme: ZLBG CHUCTEMBI ypaBHeHI/Iﬁ Ha3bIBalOTCA 9KBUBaJICHTHBIMU, €CJIX OHA
nMEeroT O4HO 1 TO 2K€ MHO2KeCTBO pemeHHﬁ

Omnpenenennit: Cucrema ypaBHeHUIT Ha3bIBAETCsI COBMECTHOI, €CJIi OHa MMEET XO-
Ts1 ObI 07HO pemntenne. CucreMa ypaBHEHIIT HAa3bIBA€TCsl HECOBMECTHOM, €C/Ii OHA,
HE UMeeT HU OJIHOTO PEeIlCHUA.

0-214+0-294...40-2,=0 (3.2)

Jobassienue ypashenus (3.2) k cucreme (3.1) win ero uCK/JI0YeHHe U3 CHCTEMBI
IPUBOAAT K SKBUBAJICHTHOI CUCTeMe.

O-2140-294+..+40-2,=b,b#0 (3.3)

Eciu cucrema (3.1) comepkut ypashenue (3.3), To OHA He COBMECTHA

3.2 Meton I'aycca
Meroj Faycca (MeTo HCK/IIOUEHHsT HEU3BECTHBIX) PACCMOTPUM Ha IPUMEPE.

[Tpumep:

(201 — 9 —das +Txy =T
5x1 — 3xy — 923+ 1724 = 19
—3r1 + 923 — 1224 = —6

(21 + 22 — o3 + 0wy = —1

Pemenne: BoinmuchiBaloT Tak Ha3bIBACTMYIO PACIIMPEHHYIO MATPUILY

10



1 —35U3—|—4SE'4:2
To — 203+ x4 = —3
1 U To - OA3UCHBIC IIEPEMEHHbBIE
X3 U T4 - CBOOOIHBIE IIEpEMEHHbIE

T3 — C1;, Ty = €2

3c1 — 3¢y + 2 3 —4 2
X(ci509) = 20— =3 = 2 + ¢9 -1 — =3 — ob1riee perenne
C1 1 0 0
Co 0 1 0
3.3 Teopema Kponekepa-KareJsu
Paccmorpum cucteMy JIMHERHBIX ypaBHEHU
alxry + ... + ALy — b1
(3.4)

Am1T1 + ... + ATy = bm

Vi=\| ... |, Vo= ... |- croabus marpurpl cucrembi (3.4)
am1 Amn

Bameuanue. 113 pasencrsa (3.6) ciesyer, uro cucrema (3.4) coBMecTHa TOria 1

TOJIBKO TOTJA, KOTJIa BEKTOP b ecTh JimHeiiHasi KOMOMHAIUSI CTOJIONOB MaTPUIIbI
A, nmpuuem K03 OUIMEHTR! JIMHEITHOH KOMOMHAIINN - NCKOMBbIE HEM3BECTHbIE

air ... Qip
[lycte A= | ... - MaTpuIa cucreMsl (3.4)

a/m]_ cee amn

11



D=1 .. - pacipeHHas MaTpUIa
Al - Q| b

Teopema (Kponekepa-Kanesm). Cucrema (3.4) coBMecTHa TOTa U TOJBKO
Torja, korjga rang A = rang D

JlokazaTeJibCcTBO:
1. HeobxoaumMmocTnb

[Tycte cucrema (3.4) coBmecrna. Toria u3 pasencrsa (3.6) ciefyer, 4ro cy-
IIECTBYIOT YUCJIA T, ..., L, Takue, 9ro b =x1 - Vi + ... + 2, -V,

= be L(V,...,V,) - mmuciinas oGonouKa

= L(Vy,..,V,,b) = L(V4, ... V})

= dimL(Vl, LV g) = dimL(Vl, s Vn) = rangA = rangD
2. locTaToYHOCTDH

rang A =rang D = dimL(Vl, Vi 5) = dimL(Vl, s Vn) = L(Vl, s
LV, .., V)

cha
S
I

= b - yimHeltHag KoMOunarus BekTopos Vi, ..., V),
= cucrema (3.4) coBmecTHa

Teopema. Ecimt rang A = rang D = n, rjie n - 9UC/I0 HEU3BECTHBIX, TO CUCTEMA
(3.4) mmeer eIMHCTBEHHOE PEIICHIE

Teopema. Ecin rang A = rang D < n, rjie n - 41cjio HEU3BECTHBIX, TO CUCTEMA
(3.4) mMmeeT GeCKOHETHOE pEITIeHN

4 OpaHOpPOAHBIE CHCTEMBI JIMTHEITHBIX yYpaBHEHMIA

4.1 OpgHOpPOAHBIE CUCTEMBI JIMHEHBIX YPaBHEHUIA 1 X CBOIi-
CTBa

ary + ... + appr, =0
(4.1)

amit1+ ... + apnx, =0

OnpeaeﬂeHHe. Cucrema (4.1) Ha3bIBaeTCd OJIHOPOJIHON CUCTEMOI JINHEHHBIX YPaB-
HEHU

12



Bameuanne. OpHopo/Has CUCTEMa JIMHEHHBLI YpaBHEHUI Beerja MMeeT pele-
Hue(HAIIpUMeD, HYJIeBoe)

Teopema. [[is Toro, arobbr opHOpOIHAst cucTeMa (4.1) mMena HeHYIeBOe periie-
HUe HeOOXO/IMMO 1 JIOCTATOYHO, YTOOBI rang A < n, rjie N - YHICJI0 TePEMEHHbBIX

PaccmoTpuM cBolicTBa pelleHnil cucTeMbl JTUHEHHBIX YPaBHEHMI ¢ TOYKU 3PEHUS
JIMHENHbIX TpocTpancTB. Kazkmoe pemenne cucrembr (4.1) MOKHO paccMaTpUBaTh
KaK BEKTOD JINHEITHOIO IPOCTpaHCcTBa apudmernieckux BeKTopos R". Obo3Haunm
gepe3 M - mHOKecTBO Beex pemiennit cucrembr (4.1). Torma M - mogmuOXKecTBO B

R"™.

Teopema. Muoxkectso Beex pemtennit M ognoponuoii cucremsr (4.1) sBisercs
JIMHEIHBIM IIPOCTPAHCTBOM.

Jloka3aTejabCTBO.

M C R". Bepem J1100b1€e JiBa perieHust Wi, ws C M

= Ay = 0'u Ady = 0, rie A - marpuna cucremsr (4.1)
= A(MW1 + Aatds) = M Aw + M Ady = 0

= AWy + Aawp € M

= M obpazyet nuHeiinoe ogmpocTpancTso B R™ ur

Ompenienrenne. Basuc mpocrpancrsa permenuit onHoposiHoii cucremst (4.1) nasbl-
Baercs yngamentaabaoil cucremoii permennii (PCP) cucrembr (4.1)

Ecmm B = {&, ..., € M - ®CP ansa cucremsr (4.1), To Jroboe perenne
cucrembl (4.1) MOXKHO TIPEJICTABUTH B BUJIE:

Wo.o = C1W01 + ... + CLL (42)

rjie ci, ..., C; - IPOU3BOJILHBIC YUCJIA
Wy - ODIIIEE perlieHne oJHOPOIHON crcTeMbr (4.1)
(4.2) - 001ast CTPYKTYpa PelleHns OJHOPOJIHON CUCTEeMbI JIMHEIHBIX ypaBHEHMI

Teopema. PazmeprocTs mpocTpancTBa perennii oHOpo/HOI crcTeMbr (4.1) paBHa
n-r, raer = rang A, A - Mmarpuna cucreMsr (4.1), T - YUCIO HEU3BECTHBIX, T€

dimM =n —r

3ameganue. Pa3mepHocTh MPOCTPAHCTBA PEIIEHUi OJHOPOHON CUCTEMbI COB-
aJlaeT ¢ 9ucjoM BeKTOpoB, obpasytomux @CP. Hucio BeKTOPOB, 00pa3yiomiumx

13



®CP, coBnajlaeT ¢ KOJIMIECTBOM CBODOJIHBIX IIepEMEHHBIX. B ¢BOIO 0uepe/ib, KOJIH-
YeCTBO CBODOJIHBIX IIePEMEHHBIX BCEryla paBHO N - T, Tje T = rang A, A - MaTpuia
CHUCTEMBI, N1 - YUCJIO TIePEMEHHBIX

4.2 OO6mas cTpyKTypa pelieHns HeOJTHOPOJAHOI CHUCTEMBI
JIMHEMHBIX YPaBHEHUN

PaccmoTpum cuctemMbl IMHEITHBIX YPaBHEHMI:

ap1x1 + ... + ay, = by

(4.3)
Ap1T1 + . + Ay = by,
(4.3) - HEONHOPO/HASI CUCTEMA, JIMHEHHBIX YPaBHEHN
a1y +...+ay, =0
(4.4)

aAm1t1+ ... + apmpn =0
(4.4) - omHOPO/HAST CUCTEMa JIMHEHHBIX ypaBHEHMUIT

Teopema. Ob11iee perienne cucreMbl (4.3) MPeCTABISIETCS B BIJIE CYMMBbI 0OITIET0
perenns cucTeMbr (4.4) 1 TPOM3BOIBLHOIO YaCTOrO PEIeHns CHcTeMbl (4.3): Wy, =
oo+ Wen  (4.5)

rJie W, - 00IIee pellieHre HeoHOPOIHOM crucTeMbl (4.3)
Wp.o - 00IIIEE perlieHre OTHOPOIHON crucTeMbl (4.4)
We.n - MPOU3BOJILHOE YACTHOE PEIeHNe HeOJHOPOIHON cucTeMbl (4.3)

JlokazaTeJibCcTBO:
1. PaccMoTpuM IpO3HOBJILHBIN BEKTOP BUIA W = Wy + Wen

= A = A(Woo + Wen) = Awoo + Awern, = 0+b = g, e A - maTpura
cucrembl (4.3); b - BeKTOp - cTOJIGEI] CBOOOHBIX 4IEHOB

= Jioboe perenne Bua (4.5) ABjsiercst perieHneM cucTeMbl (4.3)
2. ITokazkem, [ato Joboe pemrerne cuctembl (4.3) npeacraisiercs B Bue (4.5)
Bepewm sto6oe pertierne @ cucrembr (4.3), Te AW = b
PaccMoTpuM pasHOCTL BEKTOPOB W — Wy p,
AG — wiy) = AD — Awgn =b—b=0
4.

= W — Wey, - perenne cucreMpr (4.4) T
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[Iycrs Wi, ..., wi - DCP cucrembr (4.4)
= Wop = QW1 + .. + Wk + Wepn  (4.6)
rIe C1, ..., C - IPOU3BOJILHBIE YNCIA

(4.6) - O6mas cTpyKTypa peliennst HeOTHOPOHON CUTCeMbI JIMHEHBIX Y paBHEHNU T

5 OrobparkeHne MHOXKECTB

5.1 IlonsaTue orobpakenuss MHOxkecTB. OCHOBHBIE OIIpe]ie-
JIeHUS

Onpenenenne. Orodpaxkennem f MHOXKecTBa X BO MHOXKECTBO Y Ha3bIBAETCsI
3aKOH, IIOCPEJICTBOM KOTOPOI'O IIPOU30JILHOMY 3JIEMEHTY X € X CTaBUTCs B COT-
BETCBUE OJIHO3HAYHO OIIpPE/Ie/IeHHbII 9JIeMEeHT V € Y.

Obo3nauenwne. f: X — Y

Onpenenienue. DJieMeHT y Ha3bIBaeTCs 00pa30M 3JEMEHT X, a X - IPoodpPaszoM
SJIeMEHTa Y

3ameuanune. 3amuch y — f(x) wm x —/ y osnagaer, 4TO 3/MEMEHT X IIPH O0TOO-
pazkenui f mepexoguT B 3JeMEHT y

Onpegenenne. Orobpaxkenus f: X — Y u g: X — y Ha3bIBaIOTCs PABHBIME, €CJIN
f(x) = g(x) Ve € X

5.2 Kowmno3unus oTodopakeHnit

5.3 (OO0parHOe oTOOpakeHue
5.3.1 CaoiicTBa 0OpaTn bIX OTOOpakeHUiA
1. ObparHoe oTOOparkKeHne eJInHCTBEHHO

2. Komnosunusi odpaTuMbIX 0TOOparKeHnit 00paTuMa, Mpu 3TOM

(f-9) " =g 1"

HokazaresbcTBo: Kommosunust f - g oOparuma, KakK KOMIIO3UINsT OMEKTHBHBIX
oTobpaxkenuii, npu 3toMm, ecyin g : X — Y uf: Y — Z, To

f-g - fhH=flggHft=fefr=ff1=e.
G Y=g Nag=gleyg=9g'g=¢e,
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6 JImHeiiHble orepaTopbl

Onpenenenue. JIuHeifiHbIM OIIpeaTOPOM B JIMHEHTHOM IIpOCTpaHCTBe V Ha3bIBa-
ercsa orobpxKkanene A: V — V| objajgaroiiee cBoiicTBamMu:

1. A(Z +9) = A7 + A
2. ANT) = NAZ VZ,7eV, AeR

A

ameuanue. A : V — V - juHelHbBIH orlepaTop, ecyu
AlaZ + BY) = aAZ + BAY VEZ,§eV, Va,f R

Samevanue. [Ba JIMHEIHBIX onepaTopa paBHbl, ecin Ax¥ = BT

6.1 Marpuna JuHeiiHOro oneparopa

[Iycts AV — V - nuneitnblit oneparop B jimHeiiHOM 1poctpancTse V, Ilycrs B
= {é1,...,en}

[TozmeiiTcByeM JIMHEHHBIM OIPETATOPOM HaOa3UCHbIE BEKTOPHI:

[TycTn

(

—

e = CL11€1 + a2152 + ...+ anl(?n

—

€9 = A12€] + A22€3 + ... + Gp2€),

s s

\Agn = a1n€1 + a2n€2 + ...+ anngn

Paccmorpum maTpuity:

ai; a1 ... Qip
A _ a1 a929 ... Q9p
an1 Ap2 ... QApn

A

Onpenenenune. Marpuiia A HasbiBaeTcss MaTpulieil jmHeiiHoro omnperaopa A B
oasuce B.

Samevanue. YToObl HANTH MATPUY JIMHEHHTO OTlepaTopa, HyKHO MM0JIeHCTBOBATE
oIpeTaopoM Ha OasncHble BekTopa. CToJIONBI MATPUIIBI JUHEHHOIO ollepaTopa -
9TO KOOp/IMHATabl 00pa30B 0A3MCHBIX BEKTOPOB.

R n n n n
SUZ‘AQZ' = Z ZT; ajiei = Z( aji:ci)ei
1 =1 7=1 7j=1 =1

AZ =AY 2;6) =
=1

n

7

16



n
Ar = g Yi€;
j=1

B cuy e IuHCTBEHHOCTH PA3JIOXKEHNS BEKTOPa 10 Da3ucy:

n . T
Yj = Zizl ajiri, J=1,n
Y1 = anry + ... + an,

Yp = Qp1X1 + ... T AppTy

[IpeobpasoBatne KOOpIMHAT BeKTopa & IpH JeficTBIE ornepaTopa A (6.1)

Marpuunbiii B (6.1):

Y1 T
A .. (6.2)

Yn/ B n/ p

6.2 Komnozunus JuHETHbIX oIlepaToOpoB

[lyctb A:V -V u B:V — V - quHeitHble omepaTophl B JIMHEHHOM IIPOCTPAH-
cree V. [lycrs B = {é1, ..., €,} - 6azuc B V. Ilycts A u B - marpurpl juHeiHbx
OITEPaTOPOB.

A-B:V-oV- KOMIIO3UIUS OIlepaTOPOB AuB

[Iycts D - maTpuiia KoMmo3ummii A - B B 6asuce B.

L1 . (1 x1 R 21
r=1 .. —(B)—=y=| .. =B|l..| =(A)—2Z= —
In/) p Yn) 5 T “n/) g
Y T T
=A =A(B | .. )= AB = D =AB

6.3 IIpeobpa3zoBanue MaTpulilbl JIMHENHOTO ollepaTopa IIpu
3aMeHe ba3uca

[IycTn
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— —f
/
n/ p n/) B
/
=C1 ..
/
Iy B Ly, B

CBs13b KOOpAMHAT BeKTOpa I B basnucax B n B’

[IycTn
) 1 x1
A7 =q = — A
Yn/ B n/ g
) Y1 4]
Az =i = =A| ..
y’:’L B/ x;’L BI
Y1 Y1 Ly T Ty
=1 .. —c1tAl .. —CctAC | .. = A
y;z B yn B xn B x;z B’ x% B’
= A =C'AC

7 JleiicTBug c JIMHEHHLIMU ONepalusIMU

7.1 OcHoBHBIE onepanuu HaJd JUHEHHBIMHI OllepaToOpaMm

[Iycts A m B - nmHelinble orepaTopsl B JuHeitHoM mpoctpancTse V. Ilyers A n
B - maTpuinsl B HEKOTOpOM basuce

Hay nmHeifiHbIMI OmtepaTopaMu BBOIUTCA CJIEAYIONINE OMEPAIINN:
1. CioxkeHne ornepaTopoB
(A+ B)Z :A/Alf:l— BZ upn stom (A4 B) = A+ B, tae (A + B) - marpuna
orneparopa A + B
2. YMHOXKeHUe olepaTopa Ha IHCJIO

(MA)Z = MAZ, npu stom (AA) = AA, rae (M) - marpuna oneparopa AA

18



3. YMHOYXKEeHHUE OlepaTopoB

A A

(AB)Z = A(BZ), upu srom (AB) = AB, rue (AB) - marpuna oneparopa

7.2 QOOpaTHbIil JUHENHBI onepaTop

Ounpenesienne. O6paTHBIM K OIEPATODY A naspiBaercs orriepaTop A~ rakoit uro
AA1 = A1A = E rie E - epunmanbiii orepaTop

Teopema. Otneparopsr A+ B ; )\A; AB ; A~ - jumeiinbie orepaTopbl
JlokazaTebCTBO.
LA NZ+ ) =Alg+ Ay
np A(A7'\Z+ A1) = AA'#+ AA gy = (AA Y7
nes AA YT+ §) = AA W Z+§) =E@+7§) =7
2. A7Y(\T) = MA™! = A~ - jmmeitaslii onepaTop
Haitem maTpuity odpaTHOil onieparopa

[Tycts A™! - sun o6parnetit onepatop. Ilyers A u X - MaTpuiisl ornepatopos A n
A~! B npomsBosbHOM Gasmce.

AA T =ATA=F =2 AX =XA=F= X =A"!

Teopema. JIuneiinbiit orrepaTop oOpaTuM T W TT, KOTJIa €r0 MATPUIA B ITPOU30-
BJILHOM Oa3mce He BBIPOXKICHA

HHannag Teopema ABIAETCA CJICJICTBUEM TOTO, UTO A:l - 9TO MATPHIIA OIIEPATOPA
A~1 B HeKoTOpOM Gazmce, obpaTHOrO K oneparopy A, saganHomy Marpuieil A B
sToM Ke Gasuce. Martpuna A obpatnma T 1 TT, KOrjJa oHa He Bbipozjena. [Ipu
9TOM OOpaTHasi MATPUILA A~ ennncreenas

8 Hdnpo u obpas jmHeiiHOro oneparopa

Onpenenenne. KerA — {7 € V|fls€” = 0} - s1po JmH ornepaTopa A
ImA — {j = AZ|Z € V} - obpas mun oneparopa A
Bameuanme. KerA C V: ImA Cc V

Teopema. Anpo n obpas JmHEIHOTO ollepaTopa SAJIBSIOTCS JIUH IOIIPOCTPAH-
CTBOM.

ok-Bo. 11 dypa
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Ilycts £ u yf € Kerﬁiﬁfzﬁﬂflgzﬁ
AlaZ + B)) = aAi + AT = a0+ 80 = 0 = oZ + B € KerA VZ,i €
KerA, Va,p € R = KerA - jquneiiHoe MoaIpocTpaHCTBO B JIMH IIPOCTPAHCTBE

v

Anasiormano ImA - jimH mojpocTpaHcTBo B V

Omnpejienenne. Panrom JIMHEITHOTO oriepaTopa Ha3bIBAe€TCsl PA3MEPHOCTD €ro odpa-
3a, a J1ePeKTOM - pa3MepPHOCTD sJipa, Te

rangfl = dim[mfl; deffl = dimKerA
Teopema. Eciiu B = {é1, ..., €, } - 6aszuc jun npocrpancrsa V, 1o ImA = L(flé’l,...,flé’l)
JlokazaTeJibCcTBO.

L(Aéy, ..., Aé,) = L - muneiinas 060j109ka 0obpa3oBaHHasi obpasaMu OA3UCHBIX
BEKTOPOB.

ImA=L<ImAcCL, LcImA
1. ImA C L
Vi=3" 16 = AT = A 2:6) = S0 1iA& € L=>TImAC L
2. L C ImA
VieL:g=5" 5A6i = A" 1:6) = AT = j€ ImA= L C ImA

Teopema. Paur jinneiinoro omeparopa paBeH PaHI'y €ro MaTPHUIbl B IPOU3BOJIb-
HOM Da3suce.

JloKka3aTeJibCcTBO.
rangA = dimImA = dz’mL(flé’l, s flé'n)
re 12151, - flé’n - CTOJIONBI MATPUIILI A. 9T/

Teopema. Eciin A : V' — V - jimHelinblit onepaTop, TO

rangA + defA = dimV

HokazarenbcTBo. [lycrs dimV =n

[lycte B’ = {é, ..., €} - 6asuc KerA. onosnnm ero o 6asuca B.
B = {617 o0y €ky Cht 1y vy en}

A A ~ A A

ImA = L(Aé,, ..., A&, AGjy1, ..., AG,) = L(A4, ..., AG,)
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[Tokaxkem, aTo BeKTOPHI A€)iq, ... Aen smneiino nesasucumpl. Menosbsyem "me-
TOJI OT HpOTHBHoro” TTycTh 9T0 HE TAK, Te IYCThb BeKTOPDbl Ay 1, ..., A€, nuHeiino
3aBHCHMBI. 'Tora cylecTByeT HeTpuBHAJIbHAS JTHHEeTHAST KOMOMHAIIA:

N1 At + o + MAE, =0

Torma, TK A - JUHEHHBIN omepaTop, MOJIyIIM:

QL

A(}\k+1€k+1 + + Angn) -

= Aps1€is1 4 oo+ My € KerA

=> BEKTOD Aky1€ki1+ ... + A€, JTHMHEITHO BBIPAYKALTCS YePe3 BeKTOPDI €1, ...E€), TK
B’ - 6azuc siipa

=> BEKTOPBI €1, ..., €k, €k i1, ..., Ep JUHEIHO 3aBUCHMBI - IIpOTHBOpeUne, TK B =
{€1, ..., €Ly Eks1, ..., €n } - BaBMC

= dimImA =n — k = dimKerA = k
= rcmgfl + deffl = n 9T/

Teopema. Jluneiinbiit oneparop A obparum turt, Korjga KerA = {0}

9 (CoOcCTBeHHbIEe 3HAUYEeHUd 1 COOCTBEHHBIE BEKTO-
PhI JIMHEITHOI'O oneparopa

9.1 Omnpeaenenne coOCTBEHHBIX BEKTOPOB M COOCTBEHHBIX
3HaYeHUl JImHeilHOoro omneparopa. OmnepaTrop HOpoOCTOro
THUIIA,

Omnpenenenue. [Iycrn A:V = V - 1uneiinbiii OIIepPATOP B JIMHETHOM IIPOCTPaH-

cTBe V. HeHyJIeBOI BeKTOp T € V Ha3bIiBaeTcsl COOCTBEHHBIM BEKTOPOM OIIEPaTOpa

A, coorsercTByIONIM COOCTBEHHOMY 3HAUEHHIO A, ec/in AZ = A7 (8.1) (re ecam
npit feficTBin oneparop A BeKTOp @ MepexoIM caM B cebst, B A pas PacTsIHy ThIH)

Bameuanue. (Kparkoe onpejenenne) Ecmn AT = AT, & # 0, 10 T - cobCBEHHBI
BeKTOp omneparopa A ¢ coOCTBEHHBIM 3HAUYEHUEM A\

Teopema. CobOcTBeHHBIE BEKTODPBI T, ..., L} JUHEHHOI'O OIepaTop, OTBeYaloIlie
PA3JIMIHBIM COOCTBEHHBIM 3HAUEHUSAM Af, ..., Ak, JUHEHO HE3aBUCHMBI.

Hokazaresnberso. [Ipumenuv MMU 1o k/

1. Jlna k = 1 yTBep:K/ieHHe BEpPHO, TK COOCTBEHHBIII BEKTOD sIBJISICTCS HEHYJIE-
BBIM 110 OIpeJIeJIeHNo (a cucreMa n3 OJIHOIO BEKTOpA JINHEHO He3aBucuMma
TUTT, KOTJIa 9TOT BEKTOP HEHYJIEBOIl).
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2. IlycTs yTBep:KjieHre BEpHO JIjid JII000I cucTteMbl n3 k-1 BEKTOpOB.
Hokazkem ero Jiisi K BEKTOpOB 1, ..., Tj

Paccmorpum paBencTBO

MT1+ ...+ apTp =0 (82)

[Tox neitcrBuem omneparopa A paseHctso (8.2) mepeiijier B paBeHCTBO:

AMT1+ ... + T =0 (83)

YMHOKIM 00€ 9acTu paBeHcTBa (8.2) Ha Ag 1 BBIUTEM MOy 9eHHOE PABEHCTBO
u3 (8.3). B pesysbrare moJrydum:

al()\l — )\k)fl + ...+ ak_l()\kl — )\k)fk—l =0 (84)

B cuny unpyktuBHOrO mpenosoxkenns, u3 (8.4) ciaemyer, 9ro

a) — ... = Q- =0

Torma u3 (8.2) ciaemyer, uro aydy = 0. Tk Ty # 0 = a =0 = 1, ..., T -
JIMHEHO He3aBUCHMBI (TK JIMHeiHast KoMOnHanus (8.2) - TpuBnasbHas) I

Caencrpue. JIuHeiiHbII orlepaTop, JAeiiCTBYIONINI B N-MEPHOM JIMHEHTHOM IIPOCTPaH-
CTBe, HE MOXKET UMeThb 0oJjiee 4eM N Pas3/IniHbIX COOCTBEHHbLIX 3HAUCHMUIA.

[Tpumep:
1. A: V3 = V3 @+ & - gukcuposanubiii Bexrop; AT = [7, d

d=|d,d =0=0-d= d-cobcBeHHbIi BEKTOP ¢ COOCTBEHHBIM 3HAYEHUEM

>
o

2. A:V? = V?: A - onepartop noBopoTa Ha yrosl ¢ = 15° - He nMeeT HI OJIHOTO
CcOOCTBEHHOI'O BEKTOPAa, TK HU OJUH HEHYJIEBOIl BEKTOD TAKOI'0 IIOBOPOTA HE
OCTaHeTCsl KOJIIMHEAPHBIM CAMOMY ceDsi

Omnpenenenue. Jluneitnbiii onepatop A : V' — V HaszbiBaeTcs orepaTopoM IIpo-
CTOT'O THIIA, €CJIN B JITHEIHOM ITPOCTPAHCTBe V CYIIECTBYET Oa3nC N3 COOCTBEHHBIX
BEKTOPOB oneparopa A

Teopema. Jluneiinsiit oneparop A : V. — V gapisiercst ornepaTopoM MpocToro
TUMIIa TUTT, KOIJIa B IPOCTpaHCTBE V CyIIeCTBYyeT Oas3uc, B KOTOPOM oreparop A
UMeeT JUArOHAJIbHYI0 MATPHUILY
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A

HoxkazaresnbcTBo. [Iycts dimV = n. CoriacHo orpejienieHiono oneparop A siB-
JISIETCsT OIePATOPOM IIPOCTOrO THIIA TUTT, KOIUIa OH MeeT N JINHEeHO He3aBUCHU-
MBIX COOCTBEHHBIX BEKTOPOB €7, ..., €. ITO PABHOCUIIBHO CYHMIECTBOBaHUIO Oasuca
B = {é1, ..., é,}, B KoTOpoM MaTpulia oreparopa A mmMeer BUJI;

AL 0 0 0

o a0 0
A=lo o . o] ©®9

0 0 0 A

rjie Ay, ..., A, - COOCTBEHHbIE 3HAUYEHHSsI, COOTBETCYIONINE COOCTBEHHBIM BEKTOPaM
€1,...,€En

JeficTBUTE/IBHO
A U 0
. 0 ; A2 ; 0
Ay = \é = ,Aep = e = | 0 ooy AGy = A€y =
0/ 5 () A/ g

B - cobcTBennblit 6a3uc 91

Taxum obpasom, B coOCTBEHHOM Oa3nce MaTpUIla JUHEHHOIO OlepaTopa HMMeeT
JIMaroHaJIbHBIA BUJI, IIPUYEM 110 JIHarOHAJIM CTOST €ro COOCTBEHHbIE 3HAUYCHMSI.

CaeacrBue. B n-mepHOM JIMHEHOM IIPOCTPAHCTBE JIMHEHHBI olepaTop, NMero-
Ui N pa3/JIMIHbIX COOCTBEHHBIX 3HAUEHUI, SIBJIAETCS OIIEPATOPOM IIPOCTOIO THUIIA.

3ameuvanume. OOpaTHOe yTBEp:K/IeHNe HEBEPHO, T€ He BCAKUI OlepaTop IPOCTOro
TUTIa UMeeT N PA3JINIHBIX COOCTBEHHBIX 3HAUCHIUIT

Bameuanue. B coorBercrue ¢ (8.5) omeparop mMpocToro THiia Ha3bIBAIOT TAKXKe
JTMATOHAJII3YEMbIM OIEPATOPOM

IIpumep. A : V3 — V3 - oneparop 3epKajJbHOIO OTPasKeHUsI OTHOCHTEJIBHO
mockocT (.

Pacemorpum tpu BekTopa: €1 L Q;és || Q; €5 || Q; e || €3

B = {€}, &, &} - 6asuc B V3, TK BeKTODHI €1, €3, €3 JIMHEIHO He3aBUCUMBI (TK OHU
He KoMILTaHapHbl). Kpome toro, B = {€7, €, €3} - cobcrBennblit 6a3uc, TK

Ag| = -8 =—-1-8+0-8+0-¢&

—

A€2:€2:0'€1+1'€2+0'€3
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