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1 IIpomsBoaHas

Pacem y = f(x), onpenenennyto B Hekoropoit U(X) u puHMAROIYO JeficTBUHbIE
3HAYCHUST

[Tpupagum apymenty npuparienne Ax = QyHKIHS TOJIYIAT Ipupalierne Ay:

r—x+ Ar;y — y+ Ay; 3nece Ay = f(z + Azx) — f(x)

Paccm ornomenue: ﬁ—z = %ﬁw npn Ax — 0

Onpenenenue: [Ipoussonnas Gyukims f(x) B ToUKe X Ha3bIBAETCS TPEJIET OT-
HOIIIEHUs TIpUpalleHnss (DYHKIIMN K IPUPAIIEHUIO apryMeHTa, KOIga IpUPaIleHIe
apyrMeHTa CTPEMUTCS K HYJIIO:

Ecmu dyskims y = f(x) nmeer mpon3BoHYIO B TOUYKE X, TO (DYHKIINS HA3BIBACTCST
anddepeHIIUPyeMOil B 3TOil TOUKe

Oynknug y = f(x), nMerorasi TPOU3BOJHYI0 B KaxKJ0ii Touke mHTepBaa (asb),
HasbIBaeTcss AudpdepeHImpyeMoii B 3TOM MHTEpPBAaJIe.

Omnepanns HAXOXKJICHIS TPOU3BOAHON (DYHKIMN HasbiBaeTcst AudpdepeHImpo-
BaHUEM.

ngI/ISBO,ZLHaH dbyuximst y = f(x) B mpo3BosbHOI Touke X obosHadaercs v, f7(x),
dy
dx
[Ipu KazKJI0M KOHKPETHOM YHC/JIOBOM 3HAYEHUHN X IPOU3BOJIHAsI (€C/Ii OHa CyIile-
CTBYeT Ipu jJaHHOM X) dbyHkun y=f(x) mpegcrasiser coboit anciao (I[Tpoussos-

Hasl MOYKET OBITh KAK KOHEYHOI, TaK 1 OECKOHETHOI ).

Ecim g1 HekoToporo 3Hadenus X lim A — 400w lim 2% = —o0, TO roBo-
Ax Ax )
Ax—0 Ax—0

pdAT, 94TO [AJigd 3TOI'O 3Ha4YeHUAd X d beckoneunas I[Ipou3BOJgHasA

Ecmu dyuknus y = f(x) onpejiesiena B JieBOCTOPOHHET(IIPAB) OKPECTHOCTH TOYKN

f(zo+Ax)—f(z0)

T U CyII KOHeYHbII un GeckonedH mpejiest 9roit pyuxiun ' (x) = lim

Az—0— Az

TO OHA& HA3 COOTBETCTBEHHO KOHETHOIT 1T GECKOHETHOI IIPON3BO/IHOI ciieBa(cripasa)

dbyuximn f(x) B TOUKe ).

Eciu dyuknus f(x) umeer npousBojiHyIO B HEKOTOPOil TOUKE X = X, TO OHA MMe-
eT B 9TOI TOUYKe OJIHOCTOPOHHUE Mpon3Boanbie. O1Hako, odpaTHoe yTBEPXKICHIE
HeBepHO. Bo-11epBhiX, yHKIINS MOXKET UMETh Pa3pbiB B TOUKE X(, & BO-BTOPBIX,
Jaxke ec/in (PYHKIUS HEMPEPhIBHA B TOUKE T, OHA MOYKET ObITH B Heil He nudde-
peHIupyeMa.
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Teopema: Ecin f(x) quddepeniupyema B ToUKe X, TO OHa HEIPEPBIBHA B TOUKE
X:

f(x) € D(z) = f(z) € C(x)

HoxkazaresiberBo: f(x) € D(x) = 3 AlixIEO % = f'(x)

[To nemme byHKIUST OTINYaeTCs OT IIpejiesa Ha, OM:
% = f(z) + a(Azx) = Ay = f'(x)Az + a(Az)Ax
Alirgo Ay = Alirgo(f’(x)Ax + a(Az))Az) =0
ObpatHoe He BEPHO
Jloka3aTejbCTBO JIEMMBI:
[Tycrs lim f(x) =

[To onpenesternio Ve > 0 B cooTBeTCTByIOMIEH 061acTH BhiosHAercs | f(z) —yo| <
e. Oboznaunm a(x) = f(x) — yo. Torma |a(z)] < e ulima(z) =0

1.1 T'eomerpmiecknuii CMBICJI ITOM30BOIHOM

YTBepxKAeHUE: TeOMEeTPUIECKUiT CMbBIC/T TPOU3BOHON COCTOUT B TOM, UTO IMPO-
N3BO/IHAs JJAHHOW (PYHKITMH B JIAHHOI TOYKE eCTh TAHT'€HC yTIJIa HAKJIOHA KacaTeb-
HOI1, TPOBEIEHHON K Tpad UKy 9TON PYHKINH B TAaHHOI TOUKE, K TTOJIOXKUTE/THLHOMY
HaIIPaBJIEHUIO OCU abCIICC.

JlokazaTeJibCcTBO:

[Iycrs f(x) ompesenena Ha HEKOTOpOM mpoMmexyTke (a,b). Torma tgf = % -
TaHIeHC yIJla HakjoHa cekyineil MyM; K rpadpuky dyHKImM.

lim tgB8 = lim % = f'(xg) = tga = k, riie « - yroJ HaKOJIOHA KacaTeIbHOI K
Az—0 Az—0 =7
rpacduky dyuknun f(x) B Touke (zg, f(x)), k - yrioBoit koadduiment

&

¥

ypt+ay

¥




3ameganue: Eciin mponsBojiHast B TOUKe paBHa 0O TO B 9TOI TOUKe KacaTe/bHasd
BEPTUKAJIb

1.2 VYpaBHeHHue KacaTeJbHOIi 1 HOpMaJu
YpaBHeHue KacatejabHou: y = kr +b k=tga = f'(xg) y= f'(zo)*xx+0b

Yucio b maitjgem u3 ycaobims, 9to Touka (xo; f(xg)) eKuT Ha mpsimoit b =
f(zo) — f'(z0) * zo. Orcrona y = f'(zo) * x + f(zo) — f(w0) * 2o = ['(w0) *
(@ — 20) + f(20)

y = f'(xg) * (x — xg) + f(xo) - ypaBHeHue KacaresbHOI K rpaduky GyHKINN y
= f(x) B TOUuKe (70; f(20))

YpaBHEeHUE HOpPMAJIN:

Hopwmaiib - 910 mpsimast, poxojsinast depe3 T (xo; f(xg)) u nepernesnKyisipHast
KacaTeJIbHOIA.

[Be npsimbie y = kix + by u y = kox + by B3AWMHO IMEPIIEHINKYJIsIPHBI TI/ITT
Korja ki xky = —1. SuaunT yrioBoit KoadduinenT HopMaJn paBen: ko = f (xo)
(

[Tosromy ypasuenne sHopmasn N kK rpaduky dyukimn y = f(x) B Touke (xq; f

uMeeT BUJL;
1

?J:f(fﬂo)—m

* (x — )

1.3 OcHoBable npaBuja auddepeHImpoBaHug

Bgesem npasuiia juddepenimpoBains apudMeTHIecKux J1eifcTBIil

L y(x) = ¢ > ¥(x) = (¢) = 0
2. [Tpowsosaas ob/agaeT CBOWCTBABME JIMHEHHHOCTH: ecin U(X) n V(X) aud-

bepeHIUpyeMbl B TOUYKE X, & €] U Co - KOHCTAHThI, T0 § = (ciu + cov) =
cott! + ot

3. (uwv) = u'v + uv’

4 v — u'v—v'u
) v?

Teopema: [Tycts y = f(u); u = ¢(x) - quddepennupykmbie (DYHKINT CBOMX apry-
MeHTOB. O0J1acTh 3HAUEHUIT (DYHKIUN U BXOJUT B 00JIaCTh Onpeje/ieHns (OyKHIUN

f.
Torma y'(z) = f'(u) x u'(x)
Jlok-Bo:

Hammm x npupamieran Ax. Torga u u y mojydar coOTBETCTBEHHO Mpupaiierus Au

u Ay.



[Ipenmnonoxxum, aro npu Ax — 0 Au He HpUHMMAET 3HAYEHUIl, PABHBIX HYJIIO.
Torna nmeeT MecTo TOXKJIECTBO

Ay Ay Au
Az Au Az

[Tepexonst B Hem K npejenny npn Ax — 0, mosydum

’ Ay ’ Ay Au, ’ Ay ’ Au
Ars0 Az Ars0 Au Az’ Aeso Au Arso Az

Tax kak Gyskims u = ¢(x) quddeperimpyema, a cJieI0BACTIbHO, I HEIPEPbIBHA,
o pu Ax — 0 Takeke 1 Au — 0. [Tostomy
Ay

r . Ay
Arso Au Awso Au

CieoBaTesibHO,
. Ay . Ay . Au
lim —< = lim — - lim —
Az—0 Au Au—0 Au  Ar—0 Az
: A / : Ay P Ay
Ho lim ¥ = lim 2% =/, lim 249/ . TTosTom
Az—0 Au Yar Az—0 Az L Au Auyu Y

2 JuddepennuponBanue pynkmuii. [IIponsBoanasi.
Jnddepenimas

YrBepxkaenue: Ecin dynkmus y = f(x) onpejeneHa, MOHOTOHHAsT B CTPOIOM
CMBICJIE U HEITPEPBIBHA HA HEKOTOPOM oTpe3ke [a,b| € Ox, To Ha cOOTBETCTBYIOIIEM
orpeske [c,d| € Oy, uzmenenus dyukiwm y = f(x) onpesenena obpaTaast GQyHKIINsA
x = g(y), KoTopast Ha 3TOM OTpe3Ke TaKyKe CTPOr0 MOHOTOHHAs U HelpepbiBHA;
npu stoM f(g(y)) =y

2.1 IIpoum3Bognasi obpaTHOIT DYyHKIINN

Teopema: Eciu dyuxkiwst y = f(x) crporo MoHotoHHa Ha unTepsase (a;b) u mme-

eT HepaBHYIO HyJIO Mpon3BojHyto f'(X) B MPOM3BOJIbHOI TOUKE 9TOr0 HHTEpBAaJA,

10 obpaTHas eii pyHKIWs X = @(y) TakzKe UMeeT MPOou3BOAHYIO ¢’ (V) B cOOTBET-
1

o ) o ;1
CTBYIOIIE TOUKe, ONpe/Ie/IsieMy0 paBeHCTBOM ¢’ (y) = Py WM Ly = o

Hokazarenberso: Pacemorpum obparayto dyukimo X = ¢(y). Jamum aprymenty
y npupaiieane Ay # 0. Emy coorBercrByer npuparienne Ax oOpaTHO DYHKIINN,
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npuaém Ax # 0 B cuity ctporoit MmoHoToHHOCTH GyHKImN y = f(x). TToaromy

Ar _ 1 .
MOZKHO 3aIlHCATh R = B - Ecmn Ay — 0, To B ¢ty HENPEPBIBHOCTH 00PaTHOI

Ax
nkiun npupantenne Ax — 0. U tak kak lim 22 = f/(z 0. rorma lim &% —
yHK1mI HpUpaLL Aim, g = fi(@) # 0, rorza lim x5

1

g~ 7k - V)

Az—0 2T

[IpousBogHbIEe OOPATHBIX TPUTOHOMETPUIECKUX (DYHKITNI:

y=arcsint —1 <z < -1, —5<y<37=x=siny;

=Ll 111 1
r (siny);, cosy \/1—sin2y V1—22

2.2 IlpousBogHas mapaMeTpUuIecKn 3aJaHHON PYyHKITAN

[Iycts 3amana dyaknusg y = y(X) 3ajaHa mapaMeTpuIecK:
r = z(t)
y =y(t)

[Iycrs dyukiust x = x(t) Ha oTpeske [t1;ls] 0J[HO3HATHA, MOHOTOHHA B CTPOIOM
cMbIC/Ie U HemnpepbiBHa. Torma y 9Toit pyHKINN cymecTByeT obpaTHas (hyHKITIA

t = X(x), rey = y(t) = y(X(t)) = y(x)
[Iycts, kpome Toro, dyukuus x(t) u y(t) muddepeniupyemsr tipu t € [tq; o)

rje t - napamerp, t € [ty;ts]

Torna npoussoaHas y'(x) Haiigercst o dopmyste quddepeHmpoBatust CI0KHOM
ynrn: = yl(t) 1,

HO 110 T€OpeMe O ITPOU3BOJIHOI 0OpaTHON (PYHKITUN UMEEM:

t:(7) = 7@

2.3 HegaBoo 3ajannas (pyHKIMS 1 ee ITPOU3BOHAS

Ecmu dyukuus 3a1ana ypasaerneM y = f(x), paspenieHHbIM OTHOCUTEIBHO Y, TO
dyukInsa 3a7annas B IBHOM BH/IE.

[Tox HestBHBIM 3a1aHMeM (DYHKIAU TOHUMAIOT 3ajannue GYHKIUN B BUJIE ypaBHe-
aust F(x;y) = 0, He paspeniéHHoro OTHOCUTENIBHO Y.

Besikyio siBHO 3ajiannyto dyHKIN0O ¥ = f(X) MOXKHO 3amncarh Kak HesSBHO 3a/1aH-
Hyt0 ypaBHenueM f(x) - y = 0, HO He HAODOPOT.



2.4 Metron sorapudmMmdeckoro auddepeHnmpoBaHns

[Tycrs dyHKIMs y(X) MOJ0KATEIbHA U IMEET KOHEUHYIO TPOU3BOIHYIO B JIAHHO
TOYKE X.

1. Iponorapudbmvupyem y = f(x)  Iny = Inf(x)

2. IIpoauddepeHnupyemM ¢ yaeToM TeOPEMbI O IIPOU3BOIHO CJI0XKHO DYHKIIN
(Inf(x)) = % - jjorapudMuIecKasi MPOU3BOHAS

3. () = f(x) * (Inf(x))

91y hopMysTy YI00HO MPUMEHATH B CIyYae BLIYUCICHUS TTPOU3BOHBIX CTEITEHHO-
noKazaTeJbHbIX (DYHKIINIT, & TaKxKe eCcJIM IPOU3BOJIHAs OT Iny mpoiie, 9eM Mpon3-
BOJIHas OT caMoit pyHKIN. BayKHO MOMHUTE, UYTO MPU BBIYUC/IEHUN TPOM3BO/THOM
oT Iny Hy»KHO cHavaJjia MCIOJIL3POBATh CBOICTBA JIOrapuMOB, a 3aTeM CYUTATDH
[IPOU3BO/HYIO.

2.5 IIpousBogHasi 1mokKa3aTe/ibHO-CTelIeHHOI (hyHKIUU

[Iycts u = f(x) u v = g(x) - byHKIWN, NMeroIIe TPON3BO/IHbIE B TOUKE X, f(x) > 0.
Haitjiem niponssopnyio pyukiun y = u'. Jlorapudpmupys, noayanm: (ny = vinu.

/ / /
u u

L= i+ v y = u'(v— +v'Inu) = (u’) = vu’ M+ uv'lnu
u u

Y

3 sT0it dpopMyJibl BUIHO, ITO IPOU3BOJIHAS CTEIIEHHO-TIOKA3aTe/IbHON (PYHKIINH
COCTOUT M3 JIBYX CJIaraeMbIX: IIEPBOE TOJIYUaeTCsl, €CJIM CUUTaTh (PYHKIUIO MTOKa-
3aTEJIbHOMN, & BTOPOE - CTEIIEHHOM.

3 Junddepennuaa

3.1 Omnpeaenenne pyukun, auddepeHimpyemMoii B ToOUKe,
n auddepeHIaa

[Iycts dynknng y = f(x) onpenenena B U(x).

Hajum mpupalienne apryMenTy = npupailienue (yHKInn

r+Axr = y+ Ay

Oupepenenne: Ecin npupaimenne (pyHKIUE MOXKHO IIPEJCTABUTL B Buje Ay =
A(x) * Ax + a(Az), raie A(x) me zaBucut ot Ax, a a(Azx) = o(Ax), 10 byHK-
nust y = f(x) naseiBaercs juddepennupyemoii 8 U(x), a Boipaxkenune A(x) * Ax
HasbiBaeTcs nddepennnatom n obosuadaercs dy = A(x)*Ax

[Ipuparienne orndaercs ot auddepennnalia Ha 0.M
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Ay =dy + a(Az) = Ay — dy = a(Az) - oM = Ay = dy

Ecm A(x) # 0, To qudpbepenimarn ecTh riaaBHas JHHEHHAsT YaCTh TPUPAITCHIS.
[Tpumep:

y=a’

Ay = (x4 Ax)? —2? = 22 + 2xAx + (Ax)? — 22 = 20Ax + (Ax)? = dy = 22Ax

3.2 Teomerpuyecknii cmbicy auddepeniimaia

Ecmm dynknus y = f(x) nuddepeniupyema B Touke xg, 1o dy = y'(zg)*Ax =
tea * Ax = AB, re muddepeniyan reoMeTpruuecKy n300pazkaeT IIpUpalleHue
OPJMHATHI KacaTeJbHO, TPoBeIEHHON K Touke M):

A

. SN .

0 , T+ A% z

CBs3b onpepesnenus nuddepeHIupyemMoit pyHKINT, JAHHOI'O depe3 IPOU3BOJI-
Hy10, C ompejiesieHneM jguddepeHiupyemMoil (pyHKINT, JaHHBIM Upe3 Hpupalle-
HIIST.

Panne roopumioch, 9To pyHKIINA, 0018 0a0I1asl IIPOU3BOIHON B 9TOI TOUKe, Jud-
depennupyema B 1ol Touke. JlokarkeM SKBUBaJEHTHOCTH 9THX JBYX OIIpe/jiesie-
HUi



[Iycrs Ay moxkHO npejcraButh B Buje Ay = A(x) * Ax + a(Ax). Pazgennm na
Ax u tepeitgem K npegeny npu Ax — 0:

. Ay _ s A(x)xAz+a(Az) / —
Alirgo AL Algilo = A(x) 4+ 0 = ¢/(x) = A(z), re u3 onpeeeHus,

JAHHOTO BBIIIE => CYIIECTBOBAHHE IIPOU3BOHOM dy
O6parno: ecim 3y (x), Te 3 lim £ A2, TO, CIEJIOBATENIBHO, 110 JIEMME HMeeM:
Azx—0

Ay =y + a1(Azx) = Ay = ¢/ (z) * Az + oy (Az) x Az = Ay = ¢/(x) x Az +
(Ax) y'(z) * Az + 0(Ax), Te mpupalenne nMeeT HyKHBIH BII.

Takum obpaszom, quddepentmarn paser dy = y'(x) * Ax win, nosoxknm Ax = dx,

dy = y'(x)*dx, Te y'(x) = Z—y - IPpOU3BOJIHAS PaBHA OTHOHMICHUIO JuddEPEHINAIIOB.

4 Jlndpdepennuasa caoxkHoii pyukiun. VIHBApunaHTHOCTE
dopmbl ntepBoro aunddepeHnuuaia

Ecm y = F(u) u u = u(x) - quddepennupyembie GyHKINE CBOUX aPTyMEHTOB,
To ciokHast dyaKImsa y = Flu(x)| = y(x) takxe muddepernupyema 1o x, a ee
muddepentuan onpejessiercs o opmyite dy = F) (u)du.

HeitcrBurensuo, dy = y.(z)dx = [F)(u) * ul,(x)]dx = F(u) *x du
Taxum obpazom, jguddepeHnnal CJI0XKHOM (PYHKIME paBeH IPOU3BEIEHHUIO IPO-

mw3BoHON F) (u) Ha mudbepeHiai aprymenta u, 9to 1mo hopMe COBIAIAeT ¢
BIpazkeHueM Jyist auddepennnaa mpocroit pyuknnn y = f(x)

910 cBoiictBo [ - oro muddepeniuaia coxXpaHaTh CBOIO (POPMY HE3aBUCHMO OT
TOrO, SIBJIIeTCsI Jii (DYHKIIHSI IIPOCTOM MJINM CJI0XKHOM (DYyHKIIMEi CBOero aprymMeHTa,
Ha3bIBaeTCyd MHBAPUAHTHOCTLIO

uBapuanTHOCTh AuddepeHnnaia 3aK/I09aeTcs B TOM, 4To AuddepeHnna Bee-
rjia MOXKHO 3allicaTb B OJAHOM M TOM K€ BHJIC - IIPOU3BEJICHNE IIPOU3BO/IHON 110
HEKOTOPOIl ITepeMeHHOIl Ha IIpupalleHne 3TO IMepeMeHHO! - He3aBUCUMO OT TO-
ro, OyJjIeT 3Ta repeMeHHas He3aBUCUMOIl ITepeMeHHO nin (PyHKIMed 0T KaKoil To
Jpyroil IepeMeHHoi.

4.1 IlpuBuaa Boraucjaenus auddepeHnnaa
1. ecim y = C = const, To dC = 0
2. d(Cy xu(z) + Cyxv(x)) = Crdu(z) + Codv(x)
3. d(u(z) xv(z)) = v(x) * du(zr) + u(zr) * dv(z)
4 i)y  e)dua) ux)dete)

v(z) v¥(z)




Hokazkem, nanpumep, dhopmyiy 3: d(u(x) x v(z)) = v(z) * du(z) + u(x) * dv(x)
JlokazaTe/bCTBO:
[Iycts y = u*v

Crenosarenbho, dy = y'dr = (uxv)dr = (v + v'u)dr = vu'de + w'de =
vdu + udv

4.2 IlpubanmkeHHBbIe BBIYUCJIEHNS C IIOMOIIbLIO guddepeH-
uaJa

[Tycts f(x) nuddepennupyema B Touke xg, Te f(xo+Ax)— f(x0) = f/(x0) * Ax+
o(Ax)

[Tpu masbpix AX mociesernee ciaraeMoe MaJio 1o cpasuennio ¢ Ax, e Af ~ df npnu
Ax — 0, mosromy Af & f'(xy) * Ax. Orciona ciemyer Gopmy/ia TpUOINKEHHBIX
BLIUNCICHU 3Ha9ennit pyHKINm:

flzo+ Az) = f(xo) + f'(x0)Ax

5 INccaenpoBaHue 1o nepBoii IPOM3BOIHOI

5.1 VYcJioBus HOCTOAHCTBA, yObIBaHUSA 1 BO3pacTaHusA PyHK-
1007071

Teopema: [lycts dbyukims f(x) onpesenena i HelrpepbIBHA HA HEKOTOPOM MTPOME-
JKYTKY X, 1 B KayKJIOf BHYTPEHHEH TOYKe 9TOro IPOMEXKYTKa CYIIEeCTBYeT KOHEeU-
Has rponsBojHasi. Torma dyuknus f(x) mocrosinaas Ha X Torma 1 TOJIHKO TOT/A,
korja f’(x) = 0 B Jir060i BHYTpeHHEl TOUKe MpoMexKyTKa X.

(to ectrb Vo € X f(z) = C & Vo € X°  f'(x) = 0, rie X° - MHOXKECTBO
BHYTPEHHUX TOUKE X)

Heo6xomumocts. [lo yemosuio f(x) = C, a nmpousBojHasi OT KOHCTAHTHI paBHA
HYJTIO.

Hocrarounoctb. Ilycts a € X - dukcupoBaHHas TOYKa U3 MPOMEXKYTKa X.
BosbmeM 1iponsBosibHyto TOuky X u3 X. Torja Ha orpeske [a,X| BBIIOJHSOTCS
yeaoBust TeopeMbl Jlarprzka. ITosromy Mexkay ToukaMu a U X Haiijercs Takas
Touka ¢, 9ro f(x) - f(a) = f’(c)-(x-a). Tax kak 1o ycsosuio f’(c) = 0, To f(x) =
f(a) Vo € X. Takum obpasom, dyHkius f MOCTOsSHHA HA MPOMEKYTKe X, U ee
suadenne pasho f(a). YT/I
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5.2 YcaoBUsS MOHOTOHHOCTH (DYHKIIM HA IIPOMEXKYTKE
Teopema.(Kpurepuii HecTporo MOHOTOHHOCTH )

[Iycrs dyukius f(x) onpeesiena i HerrpepbIBHa Ha TPOMEKYTKe X, T depeHtin-
pyema B Jii000it Touke BHyTpeHHOCTH X ° 9TOr0 nmpomexxkyrka. Torga f(x) - HeyObI-
Baroras Ha X < Vo € X° f'(x) >0

HeobxonumocTb. [lycth X - mpon3Bo/ibHast BHYTPeHHs TouKa 13 X. Torja, 1o

OIIpeJIeJIEHUIO TIPOU3BOIHOI, 7(X) = Ahmo W
T—

Tak kak f(x) - neybsiBaromast, To npupaiienue f(xr + Az) — f(x) Gyner

<0 mpm x<0
>0 mpm x>0

[TosTomy W > 0 Va # 0. Ilepexoas B 9T0M HepaBeHCTBE K NPTy
mpu Ax — 0, noaygaem f7(x)>0. UTJI

JocTaTouHnoctb. Bo3bmeM J1to0ble JiBe TOUKHU X1, Lo € X, TaKue 9To 1 < To. To-
r1a Ha OTpe3Ke [T, To] dyHkuus f yposaersopsier yeioBusiM TeopeMbr Jlarpamrka.
[Tosromy cymecTByeT Touka ¢ € (1, T2), Takas 910 f(xq)—f(x1) = f(c)(xa—1x1).
Tak kax f'(¢) > 0, u (xo — x1) > 0, 0 f(x2) — f(z1) > 0. Crenosaresbho,
f(x1) < f(xe) arst TOOBIX 1, T2 € X, TAKUX UTO T1 < To. SHAUUT, 110 OTIPEJIETIE-
nuio, pyukiusd Heyonsatomasa. 1T/

Teopema(Kpurepuii cTporoit MOHOTOHHOCTH )

IIyctb dyukmus f onpejiesiena n HerpepbiBHA HallpoMexKyTKe X, JauddepeHiupy-
ema na X°. Torma f(x) crporo Bospacrer <

l.Vxe X° fl(z) >0
2. MHOXKecTBO pertteruil ypasaenust f'(x) = 0 He cojlep:KUT UHTEPBAJIOB
HeobxoanmocTs.

1. Ecau f crporo Bospacraer, To oHa, TeM DoJiee, siBJisieTcs HeyObIBatoleii. 3Ha-
9UT, 110 TpebLLyIei Teopema, Vo € X° f'(z) >0

2. TMokazkeMm Terepb, OT MPOTUBHOIO, YTO MHOYKECTBO pertieHuii ypapuenus f'(x)
= 0 He cojJepKUT MHTEPBAJIOB. EC/In 3T0 MHOXKECTBO CONEPKHUT HMHTEPBAJI
(a,b), e a < b, 1o Vo € (a,b) f'(x) = 0. Torga, u3 ycioBus mocTOAHCTBA
dbyHKIMN Ha poMexyTKe, f mocTosinHast Ha |a,b]. A 910 MpoTHBOpeUnT ee
CTPOrOMY BO3PACTAHMUIO.

Hocrarounocts. Tak kak Vo € x° f'(x) > 0, 10, 110 npejpiyiieil Teopeme,
f(x) - mHeyObIBatomas na X. 3uaunt Vay, r9 € X, Takux 9ro x1 < To, BHIIOJIHEHO
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f(x1) < f(xg). Iokaxem, 910 3/1eCh BOBMOXKHO TOJIBKO CTPOIOE HEPABEHCTBO
f(z1) < f(z2). HeiictBurensuo, ecm f(x1) = f(xq), To B cuny neyobBanus f,
oyrer Vo, < x < x9 Boinosaeno f(x1) < f(x) < f(xs) = f(x1). Suaqur, f(zr) =
f(z1) nma wnrepsane (x1,x3), To ecthb f'(x) = 0. DTO HPOTHBOPEUUT YCIOBHIO
teopembl. CJiejioBaTesibHO, pyHKIMA f cTpOro Bo3pacraer.

Onpenenenune: Toukn x: f'(x) = (0 HA3BIBAIOTCS CTAIMOHAPHBIMU

Omnpepesienune: Toukn x: f'(x) = 0 wm {7(X) = 00 HA3BIBAIOTCA KPUTHIECKIMN
toukamu | pona. Touxm, x: # f '(x) HasbIBaroTCst KpuTHIecKuMu Toukamu 11 poja.

75 X|,X,,X;, X, , X5, X, - KPUTUUECKME
X1, X4, Xe- CTALIIOHapHapHBbIe (f '(x) = 0)
X, X3: He cyn, Ha f (%)

x; i f (x) =

=
X

D

®

‘.&I

Ry
ey
Q‘*._ -
<&

3

N

3ameganue. Bce cranumonaphble TOYKN (DYHKINN SIBJISAIOTCS, KOHEYHO, U KPUTH-
YEeCKUMU.

5.3 JlokaJibHBI IKCTPEMYM

Omupepesenne. Touka xy HA3bIBAETC TOUYKON JIOKAJTBHOTO MAKCUMYMa (DyHK-
i y = f(x), ecm 30 > 0, uro VYV : |z — xo| < 6 = f(z0) > f(x)

Toukoii x( Ha3BIBAETCSI TOYKOW JIOKAJHLHOTO MUHUMYyMa dyHKInn y = f(x),
ecoim 30 > 0, uro Vo : |z —xg < § = f(xg) < f(x)

Omnpenenenue. Toukun MakKCUMyMa ¥ MUHUMYMa HA3bIBAIOTCS TOUYKAME IKCTPE-
MyMa.

Teopema(Heobxommoe yeioBue sKeTpemMyma)

Ecin zg - sxcrpemym dyuaknnn f(x), ro f'(zg) = 0 wim f'(z) = oo wm f'(xg)
HE CyIII.

Jpyrumu cjaoBaMu, SKCTPEMYM HIHNETCsI B KPUTHIECKUX TOUKaX (PYHKIUN.
Jloka3aTejabCTBO.

Ecmu 3f'(z)u f'(z) > 0 wn f'(x) < 0, To dyHKImMs Bo3pacTaeT nin yobIBaer, u
9KCTPEMyMa ObITh He MOYKET.
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3amMeuaHue: DTa Teopema, OJHAKO, He JAeT JIOCTATOYHOIO YCJIOBUSI CYIIECTBO-
BaHNs dKCTpeMyMa. Tak Ha NpUBEJEHHOM BBINE PUCYHKE X1, X2, ..., T - KPUTHU-
yecKue, HO B TOYKaX T, X2, T3, T4 - IKCTPEMYM; & B TOUKAX 5, Tg - IKCTPEMyMa
HeT.

Teopema(IlepBoe gocrarodnoe ycioBue sKCTpeMyMa)
[Iycts cymmectByer okpectHOCTD U () TOUKH X, TAKast ITO:

1. dyukius f onpesenena u vernpepbiBaa B U ()

2. muddepennupyema B U(xg), KpoMme, ObITH MOXKET, CAMOIT TOUKH I
Torna:

1. ecsin MpOM3BOHAS B TOUKE T( MEHseT 3HaK ¢ + Ha - (1o ectb Vo € (x¢ —
0, 20)f' () > 0 Vo € (9,20 +9) f'(x) <0), 0 x) - ToUKa (HECTPOrOrO
JIOKAJIBHOTO) MAKCUMYMA;

2. ec/in IPOU3BOJIHAS B TOUKE T( MEHsIeT 3Hak ¢ - Ha + (To ecTh V& € (xg —
0, z0)f (x) <0, uVr € (xg,z0+6) f'(x) >0), T0 2 - TOUKA (HECTPOrOro
JIOKAJIHHOT0) MUHIMYMa

Xg=0 Xo  x,+6 X,—0 Xo  x,+6

Joka3aTeabCcTBO TPOBE/IEM JIUIID 7T IIYHKTA 1), TaK Kak MYHKT 2) JI0Ka3biBa-
eTcs anastoruyno. Ilo Kpurepuio HecTpporoit MOHOTOHHOCTU (DYHKIUMU:

Tak Kak Vo € (zg — d,29) f'(z) > 0, 1o f(x) - meybbiBaromas na (rg — d, zo|.
[Tostomy Vo € (xg — 9, x0]  f(x) < f(xo);

CooTBeTcTBeHHO Tak Kak Vo € (xg,z9+9) f'(z) <0, 1o {(x) - HeBospacraioriast
Ha [xg, xo + 0). Hosromy Vo € [xg,x0+ )  f(zo) > f(x)

Crenosaressro, Vo € U(xg) f(z) < f(xg). Ilo onpenenenmio 910 3Ha4NT, ITO
T - ToUKa (HeCTPOroro JoKaabHoro) Makcumyma. dT/]

Sameuyanue: Ecian Ipn Iepexone 49epe3 KpUTHIECKYyI0 TOYKY IIPOM3BO/Had HE
MeHgdeT 3HaK, TO B 3TOI TOYKE HET IKCTpEMYyMa.

Nrak, aaropuT™ oThICKaHUsT SKCTpeMyMoB (GyHKIMN v = f(x) Ha narepsase (a,b).

[Iycts y = f(x) - HenmpepbIBHA Ha KOHETHOM MM OECKOHEUYHOM HHTEepBase (a,b)
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Haiitn f'(x)
Haiitu Bce meiicrBuresbubie Kopun ypasuenus f'(x) = 0

Haittir Bce Toukn x: f'(x) = oo mwin ne cymr. £'(x)

= W o=

Ha oncn Ox orMeTuTh Bee KpUTHIECKNE TOYKN U COCTABUTDH CXEMY H3MEHEHUST
sHaka f’(X) B mHTEpBAIAX MEXK/Iy HUML.

5. Ha ocnHoBanmum cxembl TOUYEK CJieJIaTh BBIBOJ, O Xap-pe KPUTHUYECKUX TOUEK,
IIOCTPOUTDH cxeMy rpadura OyHKINML.

5.4 Saﬂatﬂ/l Ha OTBbICKaHME 39KCTPEMYMOB

Pacemorpum dyuknuio y = f(x), onpe/iesieHHy0 1 HENPEPHIBHYIO Ha oTpe3ke [a,b).
B cuny teopemy BeitepmTpacca nenpepbiBHad (hyHKIUA JOCTUTACT B HEKOTOPOIl
TOYUKE CBOETro HAMOOJIBIIEro (HaumMenblnero) 3uadenns. OHO 1ocTUraeTCs OO BO
BHYTpEHHE TOYKe OTpe3Ka U TOTJa OHO COBIIAJIACT C OJHUM UX JIOKAJILHDBIX 3KC-
TPEMyMOB, OO B OJTHOM 3 KOHIIOB OTpe3Ka [a,b]

1 it ——
: 74 "
|

ey
v ! !
f | !
i ! 1
I I |
\ . Vo
0l a Zo ¢ =z 7 T

Urax: i HaXOXK/IeHUsT HanbOJIbIIero (HauMeHbIero) suadenns dyukiun f(x)
Ha |a,b| cpaBHuBatOTCA MeXK Iy coboil 3HavYeHust {(X) BO BCeX TOUKAX JIOKAJIBLHOTO
9KCTPEMyMa U B TPAHUYHBIX TOYKAX OTPE3Ka W BIOMpaeTcs HamboJbinee (Hau-
MeHbIIIee).

IIpumep: Haiitu nauGosibiee 1 HauMenbllee 3Hadenue GyHkiuyn y = sin(z?) Ha
_ /7. \bm

[—v/m; 5]

y = 2wcos(x?)

y/:O@xOZO, 561:%, Ty = —

e

CpaBHEM 3HAUYEHUS B 9TH TOUYKAX CO 3HAYEHUIMHU Ha KOHIIAX OTPE3KA:
\Vom V2

FO)=0: f(F/5) =1L f(=vm) =0; f( 5 5



= fmaeB T = £5(B0 BHYTp. TOUKaX)

) BX = @(Ha rpaHue)

\/_
2 TA

F2

5.5 AcuMIToThI

Acumnroroii rpaduka dyukinn y = f(x) Ha3bIBACTCS TaKasi MpsiMasi, 9TO pac-
CTOsIHUE MYKJIY TOUKAMK 9TON MPsSMON U KpuBOil rpaduka PyHKIMI CTPEMHUTCS
K HYJIIO, KOTJIa TOYKa 0 KPUBOIl HEOTpaHUIEHHO YIAIsdeTcs B OECKOHETHOCTD.

[Ipsimast X = a Ha3bIBaeTCd BEPTUKAJIBLHON acUMIITOTOH rpaduka QyHKIUN y =
f(x), ecsiu B TouKe a cyIiecTByeT mpejiest 3Toil (DYKHIN, PABHBINH GECKOHETHOCTH:
lim f(x) = oo ( wm x — a+, x — a-; lim f(z) = 400, = —00)

!

- W e em m am wm wm o -

-
2z

Sameuanue: V3 onpejesiennst BIHIHO, YTO BEPTUKAJIbHBIE aCUMIITOTHI 00sI3aTe/IbHO
MPOXO/IAT Yepe3 TOYKU pa3pbiBa BTOPOI'O po/ia.

IIpsimast y = b HabI3BaeTCsi FOPU3OHTAJIBLHON aCUMIITOTOMN rpaduka MYHKINN § =

f(x), ecin ipu x — 00 (& TaKKe MPU X — +00 U [PH X — -00) CYIIECTBYET IpeJIet

sroif bynknun, pasubiii b: lim f(x) =0 (wm lim f(x) =0, lim f(z) =0b)
T—00 T—r—00 T—+00
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y=arclgx

Ounpepnenenne: [Ipsvas y = kx + b HaspiBaeTcss HAKJIOHHOI aCUMIITOTO! K I'pa-
dbuky y = f(x) mpn x— 400, eciu 111411 (f(x) = (kz+0))=0
T—+00

A A
Y Y
/V/ijf(x) \\ y =16
”)/ > '\\Jp >

/ 0 x AN X

Teopema: Ilpsimast y = kx + b - HakjoHHas acumiTora K rpaduky y = f(x) mpn
x = o00e 1) k= lim % e R u2)b= lim(f(x) - kz) €R
T—00

T—00

JlokazaTeJibCcTBO:

Heobxoaumocts. [lycts y = kx + b - acuvnrora x rpaduky vy = f(x) mpu x
— 00. Torma, mo onpenesenuio acuMmuTorsl, lim (f(x) — kx — b) = 0. Otciona
T—00
moJydaeM: lim w = lim (% —k—2%)= lim % — k = 0. ITosromy k =
T—r00 T—00 T—00
lim {2
T—r00

Pagencrso b = lim (f(z) — kx) BBITEKAET U3 ONPEIEICHIS ACUMIITOTEI
T—r00

Hocrarounocts. Ecin k - koneunoe feficrsuersibioe uncio, u b = lim (f(z) —
T—00
kx), To Torna lim (f(x) — kx — b) = 0. 3uaunT, o onpenenenuio, y = kx + b -
T—00

HAaKJIOHHAsT acCUMIITOTa K rpaduky y = f(x)
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3amedanue. Tak kak K03 uIueHTs! Kk 1 b BBIMUCIAIOTCS 0JITHO3HAYHO, TO ITPH X
— 00 1 IIPU X — -00 MOKeT ObITh He DoJiee UeM 110 OJIHOM HAKJIOHHOM acuMIITOTE.
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