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1 IlocnemoBarenbHOCTU

1.1 OcHOBHBIC ITOHATHUI

Hemunnoemy npamoti meopemvr A = B ommiodv He o3Hauaem ucmuHHOCD
obpammnoti B = A.

Onpenesienue mmocjiegoBaTesIbHOCTU: [lycTh 3a/1aH0 HEKOTOPOE MHOXKECTBO X
9JIEMEHTOB IIPOU3BOJILHON ITPUPOIHI.

Besikoe orobpazkenne f: N — X mHO)kecTBa HaTypaJibHBIX dncest N B 3aaHHOE
MHOKECTBO X Ha3bIBAETCS MOCJIEI0BATETHHOCTHIO

OnpenenieHne 4ncJIoBOii mocJjegoBareabHocTH: [Iycrs X - 9T0 3T0 MO0
MHOYKECTBO BeIeCTBeHHBbIX dnces R, jaubo MHOXKecTBO KoMmiLiekcHbIX ducesa C.
Torna nocjieoBaTEIbHOCTD (xn)%ozl 9JIEMEHTOB MHOYKeCTBa X Ha3bIBaeTCsl YNCJI0-
BOWi I10CJI€JIOBATEJIBHOCTHIO.

Onpegenenue: OKpecTHOCTbL TOUKH a, JiexKallleil Ha JeficTBUTE/ILHOM 0CH, PaJIi-
yca § (U(a, §)) HasbiBaeTCsi MHOYKECTBO TOYEK YUCJIOBOI MPSMOIL, yIaJeHHbIX OT
a He DoJjiee, YeM Ha 0 + camMa TOYKa (v, T.€:

Ule,d) ={a-0<x<a+d §=>0}

Onpenenenne: [Ipejenbaasi TOUKa I0CJIEI0BATEILHOCTH — 9TO TOUYKa, B JIOOOI
OKPECTHOCTHU KOTOPOI COJIEPKUTCsI OECKOHEUHO MHOI'O 9/IEMEHTOB 9TOI1 110C/1€/10Ba-
TEJILHOCTH. [IJIs1 CXOAIIIXCs YMCI0BBIX TIOCeI0BaTeIbHOCTEI IIpeie/ibHast TOUKa,
COBITQJIAET C IIPEIETIOM.

Onpegenenne: OKpeCTHOCTb TOYKH (v PAJHyCa § C BBIKOJOTBHIM IEHTPOM Ha-
3bIBAETCS (IIPOKOJIOTAST OKPECTHOCTH) MHOZKECTBO TAKHX TOUECK X, JJIsT KOTOPBIX
BBITIOJIHsIETCs caterytoree pasenctso: U (a,0) = {0 < |z — a] < 0}

OnpenesieHne: ToYKa T( HA3bIBAETCs IIPEJIE/ILHON TOUKOM MHOXKecTBO () € R,
ecan it YU (xg,d) 3 xots 6b1 otHa TOUKA T1 € ()

1.2 Orpanndenus IocJjieJIoBaTeJIbHOCTN
e Orpanndena cepxy: < dM € R: a, < M Vn
e Orpanndena cunzy: < Idm € R: a,, > m Vn
e Orpannuena: < dm, M € R:m < a, < M Vn

Bosmoxkno apyroe onpenenenue: [locienoBarebHOCTh T, HA3BIBAETCST OrPa-
HIYEHHO, ecyin cymecTByeT Takoe dncio M > 0, aro mig n € N BoimosHsercs
HEPABEHCTBO |T,| < M

{z,} - orpannvena < IM >0 VneN |z,|< M

[Tockosbky jiist VM > 0 unrepsas (-M, M) C [-M, M], To rosopsiT, 410 BCe djieHbl



OFpaHI/I‘IeHHOﬁ IIocJIeJ0BaTEJIbHOCTHU IIPUHAIJIEZKAT M - OKPECTHOCTH TOYKHU HOJIb

(Vn z, € U0, M))

Ornpeiesienne a,, - IOCIEI0BATETbHOCTH
e a, | HeBo3pacTaIas
e a, 1 HeyObIBatoIIas
e a, || yObiBalomast

e a, 11 Bospacralomast

1.3 IlIpenes nmocjiegoBaTeIbHOCTHI

lim a,, = a, ecsiu Ve > 0 AN(e) : Vn > N(¢) a, € U(a, &) nwin |a, —a| < ¢

n—oo

Bue 10601t oKpecTHOCTH TOYKa a = lim a, HaxXoJ uTCd KOHEYHOEe UUCJIO UJIEHOB
n—o0
I0CJIe/I0BATEILHOCTI

1.4 DBeckoHedHO MaJible IIOCJIEI0OBATEIHLHOCTH

lim a, =0, e Ve >0 3dIN(g): Vn > N(e) |a,| <e

n—oo

1. {a,}, lim a, =0; {b,}, lim b, =0 = lim a, £b, =0
n—oo n—oo

n—oo

2. {b,} - orpanmiena, 3B : |b,| < B = lim a,b, =0
n—oo

1.5 BeckoneuyHo 6oJiblIue I1ocJjie 10BaTeJIbHOCTHN

1. ima,=4c0 VM >0 dN:Vn>N =a, > M

n—o00
2. lima,=-00 VM >0 dN:Vn>N=a,<-—-M
n—oo
3. ima, =00 VM >0 IN:Vn>N =|a,| > M
n—0o0

1.6 OcHoBHBIE TEOPEMBI
Y beckoneuno boavuas nocAed06aMEALHOCTND ACAACTNCS H@OZpClHU%BHHO?j. He sca-

Kasa HEOZPAHUYEHHAA nocAe008aAMENLHOCTNG ABAAEMCA DECKOHEYHO O0ALWLOT]

1.6.1 Apundmeruvdeckue cBoOiicTBa ITpeIeI0B

1. {a,} = a; {b,} = b={c,}={an+b,} —a+b

nJjim
3 lim ay=a; Ilimb,=b= 3 lim (a, +b,) =a+b
n—00 n—00 n—00



2. {an} = a; {b,} = b= {c,} ={ab,} — ab

Wi
3 1lim ay =a; 3 lim b, = b= 3 lim (a,b,) = ab
n—00 n—00 n—00

3. Aan} = a; {bo} 2 0#0={c,} =5 —ab

i
dlim a=a; Ilimb, =0#0= Jlim » =1
n—oo n—oo n—,oo "

Teopema 1: IIpejen nocrostuaoit pasen camoii cebe lim C'= C
n—oo

Teopema 2: O eguHCTBEHHOCTH TIPEIEIA.

HoxkazarenbcTBo: [lycTh mocsie10BaTeIbHOCTD CXOAUTCS K JIBYM PA3HBIM [PE/Ie-
gaM a u a’. BeibepeM € MeHbIIIe MOJIOBIHBI PACCTOSTHUS MEZK Ty HUMI, T.€ OJOXKIM
e < tla — a'|. Haiinyres nomepa Ni(e) u Ny(e) Takue, uro npu n > Nj(g) Oyzer
|z, —a| < e, aupu n > Ny(e) 6yuner |z, — d'| < e. [Tosromy npu n GoJibIeM,
qeMm Ni(g) n Ny(e), Touka 07KHA TOMAATE B € - OKPECTHOCTD YNC/A & 1 B € -
OKPECTHOCTDb YHCJIa a’) 9TO HEBO3MOXKHO, T.K 9TU OKPECTHOCTH He MMEIOT OOIINX
TOUEK.

Teopema 3: OO0 orpaHUvIeHHOCTU CXOAIIEHCS MTOC/IEI0BATETEHOCTH
Jhobas crodawanca nocaedosamesbHOCMb 02PAHUYEHA

HokazarenabctBo: lim a, =a=3IM : |a,| < M VneN

n—oo

lim a, = a, eciu Ve >0 IN(e):Vn > N(e) a, € U(a,e) win |a, —a| < e =
Ta—:jo< la| + ¢

[Tonoxkum M = max{|a1],|az|,...,|an|,|a| + €} = Vn >N |a,| < M
Teopema 4: O 1pejiesie IPOMEXKYTOTHOI OC/I0BATETBHOCTH

Pacemorpum nocienosaresnsuoct {x, ), {yn}, {zn}

lim y, =a
n—oo
lim z, = a
n—oo

= lim x, = a
n—o0

Ecmm {y,} un {z,} cxomarca k opnomy 1mpejiesty, To ¢ KAKOro-TO MOMEHTa BCE Yy,
U 2, TOLAJIYyT B £-OKPECTHOCTD 1PeJIebHON TouKN a. Torja x,, 3azKarble MexX 1y
HIMH IOTIA/IA€T B 9TY K€ OKPECTHOCTD

Jloka3aTeJbCcTBO:



Ve>0 dNieN:n>Ny= |y, —a|l<esa—e<y,<a+e¢
Ve>0 dN,eNin>No= |z, —a|l<esa—ce<z,<a+te

Ve >0 AN =max(Ny,No) a—ec<yp, <, <zm<a+tes|r,—al <es

lim z,, = a
n—oo

1.7 Teopema boJjbrniano-BeiiepniTpacca u ee cJjieJICTBUS

[Tycth nmeercst GeCKOHETHAS TTOCIEIOBATEIBLHOCTD OTPE3KOB HA JCHiCTBUTEIHHOI
ocu [aby], [aghs], . .., [anby], . ... Takux Kax u300paykeHO HA PUCYHKE:

—t—
—
—t—
—_
—_—

—

— -

—
—_—
_—

P

a, a, a a, a,b, b, b, b, b

[TocaeoBaTeILHOCTL HA3BIBAETCS IIOC/IEI0BATE/ILHOCTBIO BIOYKEHHBIX OTPE3KOB.
I[lycts d, = b, — a, - jymHa n-oro orpeska (b, > a, Vn € N) u nycrs 1o-

cJIe/IOBATeIbHOCTD JnH {d,} crpemutcs K Hyswo, T.e lim d, = 0; Torma Jlc €
n—oo

layb,] Vn € N unpu srom lim a, = lim b, = C
n—oo n—oo

CymtecrByer eauHcTBeHHAst Touka C, obiiasi /118 BCeX OTPE3KOB
[Iycts {x,} - mociemoBaTebHOCTD

HokazarenbcTBo: s cucreMbl BiIoyKeHHBIX 0TPe3koB {|ay,, by|}o2; pacemor-
puM jBa HemycThix MHOKecTBa A = {a,}5°, = {aj,as,...}, B = {b,}>°, =

{b1,b9,...}

Tak kax Vn,m € N = (a1 bpim] C [an; by = an < apgm;
Vn,m € N = [anim; bnim] C [am; bm] = bpem < b
Cnenosarenbho, Vn,m € N = a, < anim < bpim < by,
Toectrb Va e A, be B—a<b

B cuy akcnoMbl HEIPEPBIBHOCTH CYIIECTBYET YICJIO ¢ Takoe, 9To Va € A, b €
B—a<c<b

B wacrnocru, Vn € N — ¢ € [ay, b,], uT0 n TpeboBaioch j1oka3aTh

Jloka3aTeJIbCTBO € IMHCTBEHHOCTH: /JoIycKast IPOTUBHOE, IPEJIIIOI0KIM, ITO
KazKjiasi U3 JIByX pas3/jNdHbIX TOUYKE C U C sIBJIsSIeTCs ODIIeil JIisi BCeX OTPEe3KOB
cucrembl. [lycTb, s onpenesieHHocTH, ¢’ < ¢, TO ecTh € = ¢ - ¢’ > (. Ilo onpejie-
JICHUIO cTarusatomeiica cucremsl, dn € N : b, — a,, < €. Torna a, < < c < b,
Orcrona



a, <cd=—-<—-a,=c—d<c—a,

c<b,=c—a, <b,—a,

[lostomy e =c—cd <c—a, <b,—a, <¢
[Tosryunau nporusopedne.

Omnpenenenne 1: [loanocesoBarenbHocTsio st {2, } Ha3biBaeTCst GECKOHETHOE
TOJIMHOXKECTBO {X,,, } 97eMeHTOB maHHOl mnocienoBareaboctn (b = 1,2, --
n1 < no <TL3>

[Tpumep: {z,} = {n},n € N, nocyenoBarebHOCTh HATYPAJIBHBIX YUCET;
{zn, } = {2k}, k € N, noamocsie/1oBaTeIbHOCTD YETHBIX THCEIT

Onpenenenne 2: Yucio 7 HasblBaeTcs YaCTHUHBIM IIPEEIOM JIAHHOM M0CIe10-
BarebHOCTH {X,}, ecim 3 ee mopmocae0BaTeIbHOCTE {Ty, }, CXOAdAIIAsICa K T,

Te lim x,, =7
n—oo

1.7.1 Teopema Boabnano-BeiiepmmTpacca

3 nroboit orpaHWYEeHHOI MOCJI€10BaTEILHOCT MOY»KHO BBIOpATH CXO-
JSATIYIOCS TIO/IIIOCJIeJOBATEJIbHOCTD

B apyroii dbopmynuposke: Jliobas orpaHndeHHas II0CJIeI0BATEIbHOCTD
MeeT 110 MeHbIIEl Mepe OAMH KOHEYHbIA YaCTUYHbINA IIpeje.

Irak, naxo: mocie oBaTebHOCTE orpanndena, T.e 3A : |z,| < A,n=1,2...(1)
Hoxkazarp: I{x,, } : klim Ty, = C = const(2).
—00

HokazarenbcTBo: u3 yciosus (1) = -A < z, < A, T.e Bce x,, npuHaIEKAT
HekoTOpoMy oTpe3ky Iy = [—A, A]. Pazobwbem [y omosiaM u BeIOEpeM Ty MOJIOBH-
Hy, Ha KOTOPOIl comep:KuTcs 06CKOHEUHO MHOIO 3J1eMEHTOB X,. O0O3HATMM 5TOT
oTpe3oK [;. 3arem pazjiesn [; mornojaaM 1 BbIOEPEM Ty ero MmoJjioBuHy [o, KOTOpasd
COJICPZKUT OECKOHEUHO MHOT'O 3JIEMEHTOB . [Ipojio/Kast 9TOT 1mporece 10 6ecKo-
HEYHOCTH, TOJIYUYUM CUCTEMY BJIOYKEHHBIX OTpe3KoB [p D [1 D Ihy D --- D I D
...} JUIMHBI KOTOPBIX CTpeMATCA K HyJ0. B cuny akcuombl Bee I nMeroT oOIyio
touky C. Jliobast momamocseoBaTesbuocTs { &y, } € I Oymer cxomures k C.

CanencrBue 1: Jlioboe OeckoHeYHOE IMOAMHOYKECTBO OTI'PAHUYEHHON II0CJIe10Ba-
TEJIbHOCTU UMeeT YaCTUIHBIA IIpejIes.

CihnencrBue 2: Eciin Bce dacTUIHbIe HIPEJIE/Ibl IOC/I€10BATE/IbHOCTH OIMHAKOBDI

1 PaBHBI a, TO OHA CXOAUTCA K a, T.e lim x, = a
n—0o0

CaeacrBue 3: [lociienoBare/ibHOCTH, JIJIsI KOTOPBIX J XOTsl ObI JIBa pa3/InuHBIX
JACTUIHBIX IIpeJiesia, PacXoIdInasics.



[Ipumep: {x,} = {(—1)"} umeer aBa npeea

lim T — 1= C1 lim Tok—1 — —1= (6))
k—o0 k—o00

c1 # co = {(—1)"} - pacxomgimasicst TOCTIEI0BATETHLHOCTD

CaencrBue 4. T. Beitepiirpacca.
JI10basi MOHOTOHHAsT OrpPaHMYEHHAs T0CIE0BATEILHOCTD CXOMUTCS
MoHoTOHHO yOBIBarOIIasi U OrpaHUYEHHAs CHU3Y I10CJIEI0BATEIbHOCTD CXOUTCSI

3amedanue. Yc/I0BlU€e OrpaHUIEHHOCTH MOHOTOHHOII ITOC/IEI0BATEIbHOCTH SIBJISI-
eTcsi HeOOXOAUMBIM U JIOCTATOYHBIM YCJIOBUEM €€ CXOJUMOCTH. DTa TeopeMa ycTa-
HABJIMBAET TOJILKO (paKT CYIIECTBOBAHUS IIpejiesia U HUIEro He TOBOPUT O CaMOM
npejieJie.

O1HaKO 1 9TO B TEOPUH IIPEJIEJIOB NMeeT 00JIbIoe 3HaueHne. VHoria BaKHO TOJIb-
KO 3HaTb, YTO Ipeje/l CYIeCTBYET.

: _ n _ 123
[pnvep: {x,} = 25 = 3,5, - -

VneN 2 <ol n24 950 <n?+2n+ 1 = Bospacraer

n+1 — n+2?
Vn e N -5 <1= Orpanuuena

1.8 YwucJo e

lim (14 1)" = e Yacro 910 npesesn HA3BIBAIOT 2-M 3aMeYATENLHBIM IIPe/EIOM
n—oo

Crpase /BBl O0J1ee 00IIIe YTBEP:K IeHUsI:

e lim (1+ 1) =

n—oo kn
: 1 \%, 1
e lim(1—+)n=2
n—>oo( kn) €

o lim (1+a,)m =e

. L
Pl T =

o |

rie (k,) un (a,) COOTBETCTBEHHO MOJIOKUTEIbHBIE OECKOHETHO DOJIbINas U OeCKO-

HEYHO MaJiasl IocjeoBarenbHoctu, T.e lim k, = 4oo, lim a, =0
n—od n—od

1.9 Kpurepnit Koimm cxoamMocTé YUCIJIOBBIX I10CJI€10Ba-
TeJIbHOCTEN

Ecin A = B, to B-#eobxoumoe yemoBue Jijist A, a A-10cTaToqHOe YCJIOBHE JIJIs
B

Ecim A = B A B = A, o A < B wim B-#eobxonumoe u jocTaTouHoe yCJI0BHIe
it A, a Takke u A HeoOxojuMoe 1 JoctaTodHoe yeiaoBue st B. Teopembr, B
KOTOPBbI cOPMYJINPOBAHbI HEOOXOIMMbIE U JIOCTATOYHbIE YCJIOBHS 9ero-anbdo, T.e



TEOPEMBI, CojepzKalue cjaoBa "Torga M TOJILKO TOrJa 'B TOM M TOJBKO B TOM
ciaydae "HeoOXo MO U JT0CTATOIHO" U T.I1, HA3BIBAIOTCA KPUTEPUIMI

Teopema: [1jist Toro, 4TobbI T10CIEI0BATETLHOCTU { X, } UMeIa KOHEUHbIH [Ipe/Ie)T
=
Ve >0 dN. e N:Vn > N, Vp e N|z,p —x,| <¢

1.10 CsoiicTBa npeiesioB 1pu apudMeTnIeCKnX JIeiicTBAIX
Ha/l TI0CJIeJI0BATEIbHOCTIMU

lmz,=a€R, limy,=0€R
n—oo

n—oo

e limcx*xx,=cx*xa
n—odo

e lim(z,+y,) =a+b

n—oo

e lim (z,*xy,) =ax*xb
n—0o0

e lim 7 =%
n—o0 Yn

Tp < Yp; TOTAQ @ < b
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